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Abstract. In this work, we present Lax pair for two-dimensional complex modified Korteweg- 
de Vries and Maxwell-Bloch (cmKdV-MB) system with the time-dependent coefficient. Dark 
and bright soliton solutions for the cmKdV-MB system with variable coefficient are received 
by Darboux transformation. Moreover, the determinant representation of the one-fold and 
two-fold Darboux transformation for the cmKdV-MB system with time-dependent coefficient is 
presented.

1. Introduction
The nonlinear phenomena play a important rule in a variety of scientific fields such as optical
fibers, fluid mechanics, chemical kinetics, solid state physics. It is modeled by nonlinear partial
differential equations (NPDEs) [1-4]. Finding exact solutions of NPDEs is crucial, because, exact
solutions help one to well understand the mechanism of the complicated physical phenomena and
dynamical processes modeled by these NPDEs. Moreover, the real physical space-time being
in higher-dimensional and more complex, research generalized integrable equations in higher
dimensions is still open and attractive [5-15]. One of the well-known NPDE is the complex
modified Korteweg-de Vries equation. This equation and its generalization have been derived
and studied for the dynamical evolution of nonlinear lattices, fluid dynamics, ultra-short pulses
in nonlinear optics, plasma physics, nonlinear transmission lines [16-17] .

In this paper, we present the two-dimensional cmKdV-MB system with time-dependent
coefficient as the following form

qt + qxxy + wqx + wxq + iqv + γ(t)p 0= , (1)

vx − 2iqrxy + 2irqxy 0= , (2)

wx − 2rqy − 2qry 0= , (3)

ηx + qk + rp 0= , (4)

px − 2ipω − 2qη 0= , (5)

where q, v, w, η, p are unknown potentials and r = q∗, k = p∗ The symbol. ∗ denotes the
complex conjugate. The time-dependent coefficient γ(t) describes the averaging with respect

http://creativecommons.org/licenses/by/3.0
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to inhomogeneous broadening of the resonant frequency. The real parameter ω is a constant
corresponding to the frequency. In the equations (1)-(5), x and y represent the normalized
distance and t represented normalized time respectively.

The equations (1)-(5) admit the following integrable reduction, if p = η = 0 :

qt + qxxy + wqx + wxq + iqv = 0, (6)

vx − 2iqrxy + 2irqxy = 0, (7)

wx − 2rqy − 2qry = 0, (8)

it is the usual two-dimensional cmKdV equations [18].
If we let γ = −2 the equations (1)-(5) will be reduced to two-dimensional cmKdV-MB

equations as the following form [19]

qt + qxxy + wqx + wxq + iqv − 2p = 0, (9)

vx − 2iqrxy + 2irqxy = 0, (10)

wx − 2rqy − 2qry = 0, (11)

ηx + qk + rp = 0, (12)

px − 2ipω − 2qη = 0. (13)

The paper is organized as follows. In section 2, Lax pair for the two-dimensional cmKdV-
MB system with time-dependent coefficient is presented. We derive the one-fold Darboux
transformation of the cmKdV-MB system with time-dependent coefficient in section 3. The
determinant-formed generalization of one-fold and two-fold Darboux transformation for the
two-dimensional cmKdV-MB system with time-dependent coefficient will be given in section
4. In section 5, we receive one-soliton, two-soliton solutions by assuming trivial seed solutions.
Section 6 is devoted to conclusion.

2. Lax representation
The corresponding Lax representation of the two-dimensional cmKdV-MB system with time-
dependent coefficient can be expressed as follows:

Ψx = AΨ, (14)

Ψt = 4λ2Ψy +BΨ, (15)

where

Ψ =

(
ψ1

ψ2

)
, (16)

and

A = −iλ
(

1 0
0 −1

)
+

(
0 q
−r 0

)
= −iλ σ3 +A0, (17)

B = λ

(
iw 2iqy

2iry −iw

)
+

(
− i

2v −qxy − wq
rxy + wr i

2v

)
(18)

+ V1

(
η −p
−k −η

)
(19)

= λB1 +B0 + V1B−1, (20)
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with

B−1 =

(
η −p
−k −η

)
, V1 = − iγ(t)

2(λ+ ω)
. (21)

The compatible condition of equations (1)-(5) is

At −Bx − 4λ2Ay + [A,B] = 0, (22)

where [A,B] = AB − BA. By direct calculation of above equation, we can yield the two-
dimensional cmKdV-MB system with time-dependent coefficient.

3. Darboux transformation
In this section, we consider the following transformation of equations (14)-(15) based on the
Darboux transformation for Ablowitz-Kaup-Newell-Segur system

Ψ
′

= TΨ = (λI −M)Ψ, (23)

where

M =

(
m11 m12

m21 m22

)
, I =

(
1 0
0 1

)
. (24)

New function Ψ
′

satisfies

Ψ
′
x = A

′
Ψ

′
, (25)

Ψ
′
t = 4λ2Ψ

′
y +B

′
Ψ

′
, (26)

where A′ and B′ depend on q′, v′, w′, η′, p′ and λ. In order to hold equation (25)-(26), the T
must satisfies the system

Tx + TA = A
′
T, (27)

Tt + TB = 4λ2Ty +B
′
T. (28)

The relation between q, p, v, w, η and q[1], p[1], v[1], w[1], η[1] can be obtained from (27)-(28),
which is the Darboux transformation of cmKdV-MB system with time-dependent coefficient.
Combining coefficients of the different powers of λi of the equation (27) and doing some
calculations we obtain

q
′

= q − 2im12, (29)

r
′

= r − 2im21, (30)

and m∗12 = −m21. At the same time, from the equation (28) we can get

v
′

= v − 4(m12ry −m21qy + 2im11m11y +m21m12y), (31)

w
′

= w − 4im11y = w + 4im22y, (32)

B
′
−1 = (M + ω)B−1(M + ω)−1 (33)

and we additionally have m∗11 = m22. The equations (29)-(33) gives one-fold Darboux
transformation of the two-dimensional cmKdV-MB system with time-dependent coefficient.
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We now assume that

M = HΛH−1, (34)

where Λ =

(
λ1 0
0 λ2

)
, H =

(
ψ1(λ1; t, x, y) ψ1(λ2; t, x, y)
ψ2(λ2; t, x, y) ψ2(λ2; t, x, y)

)
:=

(
ψ1,1 ψ1,2

ψ2,1 ψ2,2

)
. In order

to satisfy the constraints of M and B
′
−1 as mentioned above, we first notes that

λ2 = λ∗1,m
∗
11 = m22, (35)

H =

(
ψ1(λ1, t, x, y) −ψ∗2(λ1, t, x, y)
ψ2(λ1, t, x, y) ψ∗1(λ1, t, x, y)

)
. (36)

In next part, the determinant form of one-fold Darboux transformation of cmKdV-MB system
with time-dependent coefficient will be given.

4. Determinant representation of Darboux transformation
In this section, we will consider the first two Darboux transformation of the cmKdV-MB system

with time-dependent coefficient. Firstly, we introduce n eigenfunctions

(
ψ1,i

ψ2,i

)
= ψ(λ =

λi), i = 1, 2 with the constraints on eigenvalues as λ2i−1 = λ∗2i and reduction conditions as
ψ2,2i = ψ∗1,2i−1, ψ2,2i−1 = −ψ∗1,2i [20-23].

4.1. One-fold Darboux transformation
As the simplest Darboux transformation, the determinant of one-fold Darboux transformation
of cmKdV-MB system with time-dependent coefficient given in the following form [20-23]

T1(λ;λ1, λ2) =
1

∆1

(
(T1)11 (T1)12
(T1)21 (T1)22

)
, (37)

where

(T1)11 =

∣∣∣∣∣∣
1 0 λ
ψ1,1 ψ2,1 λ1ψ1,1

ψ1,2 ψ2,2 λ2ψ1,2

∣∣∣∣∣∣ , (T1)12 =

∣∣∣∣∣∣
0 1 0
ψ1,1 ψ2,1 λ1ψ1,1

ψ1,2 ψ2,2 λ2ψ1,2

∣∣∣∣∣∣ , (38)

(T1)21 =

∣∣∣∣∣∣
1 0 0
ψ1,1 ψ2,1 λ1ψ2,1

ψ1,2 ψ2,2 λ2ψ2,2

∣∣∣∣∣∣ , (T1)22 =

∣∣∣∣∣∣
0 1 λ
ψ1,1 ψ2,1 λ1ψ2,1

ψ1,2 ψ2,2 λ2ψ2,2

∣∣∣∣∣∣ , (39)

and

A[1] = A− [T1, σ3], B
[1]
−1 = T1|λ=−ωB−1T−11 |λ=−ω, (40)

Then one-fold DT can be presented by next form

q[1] = q − 2i
(T1)12

∆1
, (41)

v[1] = v + 4

(
q∗y

(T1)12
∆1

− qy
(T1)21

∆1
+ 2i

(T1)11
∆1

(
(T1)11

∆1

)
y

+ 2i
(T1)21

∆1

(
(T1)21

∆1

)
y

)
, (42)

w[1] = w − 4i

(
(T1)11

∆1

)
y
, (43)

p[1] =
2η(T1)11(T1)12 − p∗(T1)12(T1)12 + p(T1)11(T1)11

(T1)11(T1)22 − (T1)12(T1)21
|λ=−ω, (44)

η[1] =
η ((T1)11(T1)12 + (T1)21(T1)12) + p(T1)11(T1)21 − p∗(T1)12(T1)22

(T1)11(T1)22 − (T1)12(T1)21
|λ=−ω. (45)
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We can find the transformation T1 has following property

T1(λ;λ1, λ2)|λ=λi
(

ψ1,i

ψ2,i

)
= 0, (46)

where i = 1, 2.

4.2. Two-fold Darboux transformation
The two-fold Darboux transformation of cmKdV-MB system with time-dependent coefficient is
as following [20-23]

T2(λ;λ1, λ2, λ3, λ4) =
1

∆2

(
(T2)11 (T2)12
(T2)21 (T2)22

)
, (47)

where

∆2 =

∣∣∣∣∣∣∣∣
ψ1,1 ψ2,1 λ1ψ1,1 λ1ψ2,1

ψ1,2 ψ2,2 λ2ψ1,2 λ2ψ2,2

ψ1,3 ψ2,3 λ3ψ1,3 λ3ψ2,3

ψ1,4 ψ2,4 λ4ψ1,4 λ4ψ2,4

∣∣∣∣∣∣∣∣ , (48)

(T2)11 =

∣∣∣∣∣∣∣∣∣∣∣

1 0 λ 0 λ2

ψ1,1 ψ2,1 λ1ψ1,1 λ1ψ2,1 λ21ψ1,1

ψ1,2 ψ2,2 λ2ψ1,2 λ2ψ2,2 λ22ψ1,2

ψ1,3 ψ2,3 λ3ψ1,3 λ3ψ2,3 λ23ψ1,3

ψ1,4 ψ2,4 λ4ψ1,4 λ4ψ2,4 λ24ψ1,4

∣∣∣∣∣∣∣∣∣∣∣
, (T2)12 =

∣∣∣∣∣∣∣∣∣∣∣

0 1 0 λ 0
ψ1,1 ψ2,1 λ1ψ1,1 λ1ψ2,1 λ21ψ1,1

ψ1,2 ψ2,2 λ2ψ1,2 λ2ψ2,2 λ22ψ1,2

ψ1,3 ψ2,3 λ3ψ1,3 λ3ψ2,3 λ23ψ1,3

ψ1,4 ψ2,4 λ4ψ1,4 λ4ψ2,4 λ24ψ1,4

∣∣∣∣∣∣∣∣∣∣∣
,

(T2)21 =

∣∣∣∣∣∣∣∣∣∣∣

1 0 λ 0 0
ψ1,1 ψ2,1 λ1ψ1,1 λ1ψ2,1 λ21ψ2,1

ψ1,2 ψ2,2 λ2ψ1,2 λ2ψ2,2 λ22ψ2,2

ψ1,3 ψ2,3 λ3ψ1,3 λ3ψ2,3 λ23ψ2,3

ψ1,4 ψ2,4 λ4ψ1,4 λ4ψ2,4 λ24ψ2,4

∣∣∣∣∣∣∣∣∣∣∣
, (T2)22 =

∣∣∣∣∣∣∣∣∣∣∣

0 1 0 λ λ2

ψ1,1 ψ2,1 λ1ψ1,1 λ1ψ2,1 λ21ψ2,1

ψ1,2 ψ2,2 λ2ψ1,2 λ2ψ2,2 λ22ψ2,2

ψ1,3 ψ2,3 λ3ψ1,3 λ3ψ2,3 λ23ψ2,3

ψ1,4 ψ2,4 λ4ψ1,4 λ4ψ2,4 λ24ψ2,4

∣∣∣∣∣∣∣∣∣∣∣
.

We can find

T2(λ;λ1, λ2, λ3, λ4)|λ=λi
(
ψ1,i

ψ2,i

)
= 0,

where i = 1, 2, 3, 4. Similarly, for transformation T2, following transformation formula holds

T2x + T2A = A[2]T2, (49)

T2t + T2B = 4λ2T2y +B[2]T2. (50)

Then the relation between q, p, v, w, η and q[2], p[2], v[2], w[2], η[2] will be got in the following
equations

A[2] = A− [T2, σ3], (51)

B
[2]
−1 = T2|λ=−ωB−1T−12 |λ=−ω. (52)
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Finally, we can get from (49)-(50) the following two-fold Darboux transformation in detail,

q[2] = q − 2i
(T2)12

∆2
, (53)

v[2] = v + 4

(
q∗y

(T2)12
∆2

− qy
(T2)21

∆2
+ 2i

(T2)11
∆2

(
(T2)11

∆2

)
y

+ 2i
(T2)21

∆2

(
(T2)21

∆2

)
y

)
, (54)

w[2] = w − 4i

(
(T2)11

∆2

)
y
, (55)

p[2] =
2η(T2)11(T2)12 − p∗(T2)12(T2)12 + p(T2)11(T2)11

(T2)11(T2)22 − (T2)12(T2)21
|λ=−ω, (56)

η[2] =
η ((T2)11(T2)12 + (T2)21(T2)12) + p(T2)11(T2)21 − p∗(T2)12(T2)22

(T2)11(T2)22 − (T2)12(T2)21
|λ=−ω. (57)

The equations (53)-(57) can be used to generate two-soliton solutions of the two-dimensional
cmKdV-MB system with time-dependent coefficient later.

5. Dark and bright soliton solutions
Having the explicit form of the DT, we are ready to construct exact solutions of the two-
dimensional cmKdV-MB system with time-dependent coefficient (1)-(5). We assume trivial
seed solutions as q = p = w = v = 0, η = 1.

Then the corresponding associated linear system takes the form

Ψx = AΨ, (58)

Ψt = 4λ2Ψy +BΨ, (59)

where

A =

(
−iλ 0
0 iλ

)
, (60)

B =

 − iγ(t)
2(λ+ω) 0

0 iγ(t)
2(λ+ω)

 . (61)

The system (58)-(59) admits the following exact solutions

ψ1 = exp(−iλx+ µy +

∫
(4λ2µ− iγ

2(λ+ ω)
)dt+ δ0), (62)

ψ2 = exp(iλx− µy −
∫

(4λ2µ− iγ

2(λ+ ω)
)dt+ δ0 + iδ1), (63)

where δ0 and δ1 are all arbitrary fixed real constants. Choosing λ = a1 + b1i, ω = 1.5, µ =
c1 + d1i, δ0 = 0, δ1 = 0 and substituting (62)-(63) into the one-fold Darboux transformation
(41)-(45) and we can get the one-soliton solutions in the following form:

q[1] = 8i cosh(
θ2
A1

) exp(
−iθ1
A1

), (64)

v[1] =
A2

A1
cosh−2

(
θ2
A1

)
, (65)
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w[1] =
A3

A1
cosh−2

(
θ2
A1

)
, (66)

η[1] =
(ω2 + 2ω a1 + a1

2 + b1
2) cosh( θ2A1

) + 2ω2 + 4ω a1 + 2 a1
2 − 6 b1

2(
ω2 + 2ω a1 + a12 + b1

2
)

cosh( θ2A1
) + 2ω2 + 4ω a1 + 2 a12 + 2 b1

2
, (67)

p[1] =
2 sinh( θ3A1

) + (2ω + 2a1) cosh( θ3A1
)

(2ω2 + 2ωa1 + 2a21 + 2b21) cosh( θ2A1
)
, (68)

where θ1 = 8ω2ta1
2d1 + 16ω2ta1b1c1− 8ω2tb1

2d1 + 16ω ta1
3d1 + 32ω ta1

2b1c1− 16ω ta1b1
2d1 +

8 ta1
4d1 +16 ta1

3b1c1 +16 ta1b1
3c1−8 tb1

4d1−2ω2xa1 +2ω2yd1−4ω xa1
2 +4ω ya1d1−2xa1

3−
2xa1b1

2 + 2 ya1
2d1 + 2 yb1

2d1 − ω tγ − ta1γ,
θ2 = 8ω2ta1

2c1 − 16ω2ta1b1d1 − 8ω2tb1
2c1 + 16ω ta1

3c1 − 32ω ta1
2b1d1 − 16ω ta1b1

2c1 +
8 ta1

4c1−16 ta1
3b1d1−16 ta1b1

3d1−8 tb1
4c1+2ω2xb1+2ω2yc1+4ω xa1b1+4ω ya1c1+2xa1

2b1+
2xb1

3 + 2 ya1
2c1 + 2 yb1

2c1 − tγb1,
θ3 = 16 iω2ta1b1c1+32 iω ta1

2b1c1+4ω xa1b1+4ω ya1c1+8ω2ta1
2c1−8ω2tb1

2c1+16ω ta1
3c1−

16 ta1
3b1d1−16 ta1b1

3d1+2 iyb1
2d1+8 ita1

4d1+2 iω2yd1+2 iya1
2d1+4 iω ya1d1+16 ita1b1

3c1+
16 ita1

3b1c1 + 16 iω ta1
3d1 + 8 iω2ta1

2d1 − 16 iω ta1b1
2d1 − 2 ixa1

3 − 8 itb1
4d1 − 2 iω2xa1 −

4 iω xa1
2−2 ixa1b1

2−8 iω2tb1
2d1−32ω ta1

2b1d1−16ω ta1b1
2c1− iω tγ−16ω2ta1b1d1− itγa1 +

2xb1
3 + 2 ya1

2c1 + 2xa1
2b1 − 8 tb1

4c1 + 2ω2yc1 + 2 yb1
2c1 − tγb1 + 2ω2xb1 + 8 ta1

4c1, A1 =

(ib1 + a1 + ω) (ib1 − ω − a1) , A2 = 64
(
b1

2 + (ω + a1)
2
)
b1 ((ω + 2 a1 − d1) b1 + c1 (ω + a1)) ,

A3 = 32 c1
(
ω2 + 2ω a1 + a1

2 + b1
2
)
b1.

By substituting eigenfunctions (62) and (63) into Darboux transformation (41)-(45), one-
soliton solutions of the system (1)-(5) are obtained as Fig.1,Fig.2 and Fig.3. These present that
q[1], p[1], w[1] and v[1] are bright solitons, η[1] is dark soliton.

Figure 1. Evolution of bright one-soliton solution q[1] when a1 = 1, b1 = 0.5, c1 = 1,
d1 = −0.5, ω = 1.5, γ(t) = 8t.

In order to construct the two-soliton solutions of the two-dimensional cmKdV-MB system
with time-dependent coefficient we use four spectral parameters λ1 = a1+b1i, λ2 = a2+b2i, µ1 =
c1+d1i, µ2 = c2+d2i. The two-soliton solutions of the two-dimensional cmKdV-MB system with
time-dependent coefficient can be obtained by taking ω = 1.5, a1 = 0.5, b1 = 2, c1 = 0.5, d1 =
−0.5, a2 = 1, b2 = 1.5, c2 = 0.5, d2 = 1, γ(t) = 8t and using two-fold Darboux transformation
(53)-(57). The pictorial representation for interaction of two-solitons of the two-dimensional
cmKdV-MB system with time-dependent coefficient is shown in Fig.4, Fig.5 and Fig.6.
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Figure 2. Evolution of dark one-soliton solution η[1] when a1 = 1, b1 = 0.5, c1 = 1,
d1 = −0.5, ω = 1.5, γ(t) = 8t.

Figure 3. Bright one-soliton solutions p[1], w[1], v[1] when a1 = 1, b1 = 0.5, c1 = 1,
d1 = −0.5, ω = 1.5, γ(t) = 8t.

Figure 4. Bright two-soliton solutions q[2], w[2], v[2] when a1 = 1, b1 = 0.5, ω = 1.5, c1 = 1,
d1 = −0.5, a2 = 1, b2 = 1.5, c2 = 0.5, d2 = 1, γ(t) = cos(t).



9

1234567890 ‘’“”

ISQS25 IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 965 (2018) 012035  doi :10.1088/1742-6596/965/1/012035

Figure 5. Evolution of dark two-soliton solutions η[2] when a1 = 1, b1 = 0.5, ω = 1.5,
c1 = 1, d1 = −0.5, a2 = 1, b2 = 1.5, c2 = 0.5, d2 = 1, γ(t) = cos(t).

Figure 6. Evolution of bright two-soliton solutions p[2] when a1 = 1, b1 = 0.5, ω = 1.5,
c1 = 1, d1 = −0.5, a2 = 1, b2 = 1.5, c2 = 0.5, d2 = 1, γ(t) = cos(t).

6. Conclusion
In this work, we presented the Lax representation and Darboux transformaion of the two-
dimensional complex modified Korteweg-de Vries and Maxwell-Bloch system with time-
dependent coefficient. Also, dark and bright soliton solutions of the cmKdV-MB system with
time-dependent coefficient have been constructed explicity by assuming trivial seed solutions.
Further, the figures of soliton solutions for the two-dimensional cmKdV-MB system with
time-dependent coefficient are given. We note that using the above presented Darboux
transformation, one can also construct other type exact solutions of the two-dimensional cmKdV-
MB system with time-dependent coefficient.

The work of G.Sh., O.N., K.Y.and G.B. is supported by the Ministry of Education and
Science of the Republic of Kazakhstan (the base part of the state task No.0888/GF4)
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