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Dark and bright solitons for the two-dimensional
complex modified Korteweg-de Vries and
Maxwell-Bloch system with time-dependent
coefficient

G. Shaikhova, N. Ozat, K. Yesmakhanova, G. Bekova

Eurasian International Center for Theoretical Physics and Department of General Theoretical
Physics, Eurasian National University, Astana, 010008, Kazakhstan.

E-mail: g.shaikhova@gmail.com

Abstract. In this work, we present Lax pair for two-dimensional complex modified Korteweg-
de Vries and Maxwell-Bloch (cmKdV-MB) system with the time-dependent coefficient. Dark
and bright soliton solutions for the cmKdV-MB system with variable coeflicient are received
by Darboux transformation. Moreover, the determinant representation of the one-fold and
two-fold Darboux transformation for the cmKdV-MB system with time-dependent coefficient is
presented.

1. Introduction
The nonlinear phenomena play a important rule in a variety of scientific fields such as optical
fibers, fluid mechanics, chemical kinetics, solid state physics. It is modeled by nonlinear partial
differential equations (NPDEs) [1-4]. Finding exact solutions of NPDEs is crucial, because, exact
solutions help one to well understand the mechanism of the complicated physical phenomena and
dynamical processes modeled by these NPDEs. Moreover, the real physical space-time being
in higher-dimensional and more complex, research generalized integrable equations in higher
dimensions is still open and attractive [5-15]. One of the well-known NPDE is the complex
modified Korteweg-de Vries equation. This equation and its generalization have been derived
and studied for the dynamical evolution of nonlinear lattices, fluid dynamics, ultra-short pulses
in nonlinear optics, plasma physics, nonlinear transmission lines [16-17] .

In this paper, we present the two-dimensional cmKdV-MB system with time-dependent
coefficient as the following form

Gt + Gazy + WGz + Waq +iqu + Y (t)p 0, (1)
Uy — 20qTyy + 207qzy = 0, (2)

wy — 2rqy —2qry, = 0, (3)

Ne + gk +1p 0, (4)

Pz — 2ipw — 2qn 0, (5)

where ¢,v,w,n,p are unknown potentials and r = g%,k = p*. The symbol % denotes the
complex conjugate. The time-dependent coefficient 7(t) describes the averaging with respect
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to inhomogeneous broadening of the resonant frequency. The real parameter w is a constant
corresponding to the frequency. In the equations (1)-(5), x and y represent the normalized
distance and t represented normalized time respectively.

The equations (1)-(5) admit the following integrable reduction, if p =n=0:

Qt + Quray + WGy + Wrq + iqv = 0, (6)
Vg — 20qryy + 2irqyy = 0, (7)
Wy — 2TQy - 2qry = 0, (8)

it is the usual two-dimensional cmKdV equations [18].
If we let v = —2 the equations (1)-(5) will be reduced to two-dimensional cmKdV-MB
equations as the following form [19]

qt + QIxy + W(qy + Wyq + qu - 2p =
Vg — 20qTey + 207qry =

_
Ne)

Wy — 2rqy — 2qry =
Ne+qk+71p =
Pe — 2ipw — 2qn =

oo oo o
~ ~ —~
—
=
~— — ~— — ~—

The paper is organized as follows. In section 2, Lax pair for the two-dimensional cnKdV-
MB system with time-dependent coefficient is presented. We derive the one-fold Darboux
transformation of the cmKdV-MB system with time-dependent coefficient in section 3. The
determinant-formed generalization of one-fold and two-fold Darboux transformation for the
two-dimensional cmKdV-MB system with time-dependent coefficient will be given in section
4. In section 5, we receive one-soliton, two-soliton solutions by assuming trivial seed solutions.
Section 6 is devoted to conclusion.

2. Lax representation
The corresponding Lax representation of the two-dimensional cmKdV-MB system with time-
dependent coefficient can be expressed as follows:

v, = AU, (14)
U, = 4)\’T, + BY, (15)
where
(01 )
v = 16
(o). (16)
and
) 1 0 0 .
A = —m<0 _1)+(_T g):—mangAo, (17)
B w o 2iqy —%v —Qzy — WQ
B = A( 2ir, —iw ) + < Tgy + Wr 5v (18)
n —-p
+ V1< k- ) (19)
= AB1+ By + V1B, (20)
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with

- iv(t)
Ba=( —27;)"/1:_2()\4—w)' (1)

The compatible condition of equations (1)-(5) is
Ay — By — 4)?A, + [A, B] = 0, (22)

where [A,B] = AB — BA. By direct calculation of above equation, we can yield the two-
dimensional cmKdV-MB system with time-dependent coefficient.

3. Darboux transformation
In this section, we consider the following transformation of equations (14)-(15) based on the
Darboux transformation for Ablowitz-Kaup-Newell-Segur system

U =TV =(\ - M)U, (23)
where
MZ(:Z; Z;z) I:<01 2) (24)
New function U’ satisfies
U= AV, (25)
U, = 4\, + BT, (26)

where A’ and B’ depend on ¢,v",w’,n’,p’ and A\. In order to hold equation (25)-(26), the T
must satisfies the system

T,+TA = AT, (27)
T,+TB = 4)\T,+ B'T. (28)

The relation between g, p,v,w,n and ¢, pll, vl w7l can be obtained from (27)-(28),
which is the Darboux transformation of cmKdV-MB system with time-dependent coefficient.
Combining coefficients of the different powers of A’ of the equation (27) and doing some
calculations we obtain

!/

qg = q-—2ima, (29)
ro= 1 —2ima, (30)
and mjy = —mg1. At the same time, from the equation (28) we can get
Vo= v— 4(maary — ma1qy + 2imi1maty + ma1miay), (31)
wl = w — 4im11y =w + 42'm22y, (32)
By = (M+w)B_(M+w)™ (33)
and we additionally have mj; = ma2. The equations (29)-(33) gives one-fold Darboux

transformation of the two-dimensional cmKdV-MB system with time-dependent coefficient.
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We now assume that

M =HAH™, (34)

A0 ) ( Y1(Ait, z,y) Qﬁl()\z;t’l‘,y)) ( P11 ¢12>
here A = H = = ’ “ ). In ord
where ( 0 X )’ Pa(Aoit,w,y)  Yo(Aost,x,y) Po1 Yoo forder

to satisfy the constraints of M and B’ | as mentioned above, we first notes that
)\2 = T, mfl = ma2, (35)
H = ( ¢1()\1,t,a:,y) —¢§(A1,t,$,y) >
7#2()\1,@%2/) wf()‘btvxay)
In next part, the determinant form of one-fold Darboux transformation of cmKdV-MB system
with time-dependent coefficient will be given.

(36)

4. Determinant representation of Darboux transformation
In this section, we will consider the first two Darboux transformation of the cmKdV-MB system

with time-dependent coefficient. Firstly, we introduce n eigenfunctions < :fl’i ) = YA =
2,i

Ai),i = 1,2 with the constraints on eigenvalues as Ag;—1 = A5; and reduction conditions as
¢2,2i = 1/}1‘:27;7171/}2721'—1 = _/l/)ik’Qi [20'23}

4.1. One-fold Darboux transformation
As the simplest Darboux transformation, the determinant of one-fold Darboux transformation
of cmKdV-MB system with time-dependent coefficient given in the following form [20-23]

1 (T (Th)ie )
Ti(N; A, X)) = — 37
1A A1, A2) A1< (T1)21 (Th)22 ) (37)
where
1 0 A 0 1 0
(T =] Y11 Y21 Mg |,(T)ie =] Y11 Y21 v |, (38)
P12 P22 Aot P12 Y2 Aot
1 0 0 0 1 A
(T1)o1 = | Y11 Y21 Mo |,(Ti)e2 =] Y11 Y21 Mv2a |, (39)
P12 P22 A2 P12 P22 A2
and
Al = A [T,03), BY =T\ BT e (40)
Then one-fold DT can be presented by next form
mo_ (T1)12
q q 217A1 , (41)
o g @2 (Th)ar . (T1)1 ((T1)11) o; (T1)21 ((Tl)zl) 49
v v+ (qy A Qy A, + 24 A, A y+z Al A ), , (42)
1)
1] _ _4.<( 1 11) 43
w w i A, y7 (43)
m _ 20(T)u ()i —p*(T1)12(T)iz + p(T)u (Th)n
p - |/\=—w> (44)
(T1)11(T1)22 — (Th)12(T1)21
= N ((T1)11(T1)12 + (T1)21(Th)12) + p(T1)11(Th) 21 — p*(T1)12(T1) 22 e (45)

(T1)11(T1)22 — (T1)12(T1)21
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We can find the transformation 77 has following property

1 (0 Ay Ao) b, ( jf;j ) — 0, (46)

where i = 1, 2.

4.2. Two-fold Darboux transformation

The two-fold Darboux transformation of cnKdV-MB system with time-dependent coefficient is
as following [20-23]

1 (T2)11 (T2)12 )
To(A; A1, A9, A3, A\g) = — 47
2( 3 N1y A2y A3y 4) AQ( (T2)21 (T2)22 b < )
where
P11 o1 A1 A2
P12 P22 A2 Aatbao
Ap=| V12 P2 ’ 2 18
2 P13 Y23 A3z Asthes (48)
P14 Poa Mg Mathas
1 0 A 0 2 0 1 0 A 0
Vi1 o1 M1 Mithan Mg Vi1 Ya1 M1 M A
(To)11 = | Y12 w22 A1z Aotas Mie |, (To)iz=| Y12 22 A2 Aathoo Athio
Vi3 Y23 Asthis Asthas AUns Y13 Y23 Astiz Asthas A
V14 Yaa Mg Aabas Aiig Va4 Yoa M4 Aabas Ajra
10 A 0 0 0 1 0 A A2
Vi1 P21 M1 A Afan Vi1 tea A1 Aien Ao
(To)or = | Y12 o2 Motz Xoos Ao |, (To) =| Y12 oz Aotz Xatos Ajihp
Y13 o3 As¥i3 Astas Ajas Y13 o3 A3tz Asthes Mg
V14 s M4 Mipoa Aoa Y14 toa Mia Mioa Aiou
We can find

To(A; A1, A2, Az, Add)a=x, ( ;21 ) =0,

where i = 1, 2, 3,4. Similarly, for transformation 75, following transformation formula holds

Tor + ThA = ACT,, (49)
Tor + ToB = 4\*Ty, + BT, (50)

Then the relation between ¢, p,v,w,n and q[Q],p[Q],v[Q},w[Q],n[Q} will be got in the following
equations

AP = ATy, 0], (51)
B2 = T BTy e (52)
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Finally, we can get from (49)-(50) the following two-fold Darboux transformation in detail,

o _ g2
gt = q—2 A, (53)
B «(T2)12 (T)21 (T2)11 ((T2)11 (T2)21 ( (12)21
o = v44a (qy A, BTA, +2i Ay ( Ay )y + 217A2 ( Ay )y) , (54)
w? = w—4i <(Tz)2“>y, (55)
o _ 20(T2)1(To)iz — p*(T2)12(To)12 + p(T2) 11 (T2)1n | (56)
Pe= (T2)11(T2)22 — (T2)12(T2)21 A
o _ (7)1 (T2)i2 + (12)21(T2)12) + p(T2)11(Th)21 — p* (13)12(Th)22 | (57)
G (T2)11(T2)22 — (T2)12(T2)21 s

The equations (53)-(57) can be used to generate two-soliton solutions of the two-dimensional
cmKdV-MB system with time-dependent coefficient later.

5. Dark and bright soliton solutions
Having the explicit form of the DT, we are ready to construct exact solutions of the two-
dimensional cmKdV-MB system with time-dependent coefficient (1)-(5). We assume trivial
seed solutions asg=p=w=v=0,n=1.

Then the corresponding associated linear system takes the form

U, = AU, (58)
U, = 4\*V, + BV, (59)
where
—ix 0
4 = ( 0 i>\>’ (60)
_ i’Y(t) 0
0 2(Mw)

The system (58)-(59) admits the following exact solutions

Y1 = exp(—i\z + py + /(4)\2u — ﬁ)dt + do), (62)
o = exp(ile — py — /(4)\2,u - 2()\71@)& + do + i61), (63)

where g and §; are all arbitrary fixed real constants. Choosing A = a1 + bii,w = 1.5,y =
c1 + dii, 00 = 0,01 = 0 and substituting (62)-(63) into the one-fold Darboux transformation
(41)-(45) and we can get the one-soliton solutions in the following form:

0 —i6
i — g 22 1
q 8i cosh(A1 ) exp( A ), (64)
A 0
m _ 22 -2 (22
v m cosh <A1> , (65)



ISQS25 IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 965 (2018) 012035 doi:10.1088/1742-6596/965/1/012035

A 0
) — 8 g2 <2>
w = cosh , 66
Ay A, (66)
(1] (W2+2wa1+a12+b12)cosh(%)+2w2+4wa1 42,2 — 6b,2 o
’I’] =

(w2+2wa1 +a12+b12) cosh(f%)+2w2+4wa1 —|—2a12+2b12’

oy
~—

oo 2 sinh(z—i) + (2w + 2ay) cosh(fl—3 (68)
Pe= (20?2 + 2way + 2af + 2b7) cosh( ) ’

>

where 61 = 8 w2tai2dy + 16 w?taibic; — 8 w?thy?dy + 16w tar3dy + 32w tay2bicy — 16w tarby?dy +
8taitdy +16tai3bicr + 16 taiby ey — 8th*dy — 2 w?za; +2 w2yd1 —dwza’+4w yard; — 2 xay® —
2za1b? + 2 ya2d; + 2 yb12d1 — wty — tayy,

92 = 8w2ta12cl - 16w2ta1b1d1 - 8w2tb1201 + 16wta13cl - 32wta12bld1 - 16wta1b1201 +
8taitc; —16tai3bidi — 16 tarbi®dy —8 thi*eq +2 w?axby +2 wlycr +4wzarby +4wyaicr +2 xa b+
2xb° + 2yai’c; + 2yb12cl — tyby,

05 = 16 iw?ta1bic1+32iw ta’biei+4w za by +4w yaic1+8 witai?c; —8 w?th 2c1+16 w taic —
16 ta13b1d1 —16 talbl3d1 +2 iy612d1 +8 ita14d1 +2 iw2yd1 +2 iya12d1 +4iwyard; +16 ita1b1301 +
16 ita13bie; + 16iwta®d; + 8iwtai?d; — 16w taybi?dy — 2iza;® — 8ith*dy — 2iw?za; —
diwzar? — 2izaibi? — 8iw?thb12dy — 32w tay2bidy — 16 wta1br’cy — iw ty—16 w?taibydy — ityay +
2b% + 2ya1201 + 2za1%b, — 8tb1401 + 2w2ycl + 2yb1201 — tyby + 2w?ab, + 8ta14cl, Al =
(ibi + a1 +w) (i —w—ay), Az = 64 (512 + (w+ a1)2> bi ((w+2a1 —di) b +c1 (w+ar)),
A3 =32¢; <w2 +2wa; + a12 + b12 by.

By substituting eigenfunctions (62) and (63) into Darboux transformation (41)-(45), one-
soliton solutions of the system (1)-(5) are obtained as Fig.1,Fig.2 and Fig.3. These present that
¢, p" wl and oY are bright solitons, nl!! is dark soliton.

4] l4™] |a]

) t==4 b) =0 o) =4

Figure 1. Evolution of bright one-soliton solution ¢V when a1 = 1,b; = 0.5,¢1 = 1,
dy = —0.5,w = 1.5,7(t) = 8t.

In order to construct the two-soliton solutions of the two-dimensional cmKdV-MB system
with time-dependent coefficient we use four spectral parameters A1 = a1 +b14, Ao = ao+bai, 1 =
c1+dqt, po = co+doi. The two-soliton solutions of the two-dimensional cmKdV-MB system with
time-dependent coefficient can be obtained by taking w = 1.5,a; = 0.5,b; = 2,¢1 = 0.5,d; =
—0.5,a2 = 1,by = 1.5,¢c9 = 0.5,ds = 1,7(t) = 8t and using two-fold Darboux transformation
(53)-(57). The pictorial representation for interaction of two-solitons of the two-dimensional
cmKdV-MB system with time-dependent coefficient is shown in Fig.4, Fig.5 and Fig.6.
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[1]| [1]| [1]‘

n In

In

a) t=-4 b) =0 c)t=4

Figure 2. Evolution of dark one-soliton solution 17[1] when a3 =1,b1 =0.5,¢1 =1,
di = —0.5,w = 1.5,7(t) = 8t.

|p|?

Figure 3. Bright one-soliton solutions p wll o) when a1 = 1,01 = 0.5,¢1 = 1,
di = —0.5,w = 1.5,7(t) = 8t.

|q[2] ‘ |“.[2] | “,[2] |

010

Figure 4. Bright two-soliton solutions ¢, w?, v when a1 = 1,0y =0.5,w =1.5,¢; =1,
dy = —0.5,a2 = 1,by = 1.5,¢c0 = 0.5,dy = 1,7y(t) = cos(t).
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[1]| [1]| ‘n[il‘

In n

.
B

Eoos e

a) t=-2 b) =0 c)t=4

Figure 5. Evolution of dark two-soliton solutions 77[2] when a1 = 1,67 = 0.5,w = 1.5,
c1 =1,dy = —0.5,a0 = 1,by = 1.5,¢c0 = 0.5,dy = 1,7v(t) = cos(t).

12| 2| ]

.
B

b
e

a)t=-2 b) =0 c) =4

Figure 6. Evolution of bright two-soliton solutions pl? when a; = 1,b; = 0.5,w = 1.5,
c1=1,dy = —0.5,a3 = 1,by = 1.5,co = 0.5,dy = 1,7v(t) = cos(t).

6. Conclusion
In this work, we presented the Lax representation and Darboux transformaion of the two-
dimensional complex modified Korteweg-de Vries and Maxwell-Bloch system with time-
dependent coefficient. Also, dark and bright soliton solutions of the cmKdV-MB system with
time-dependent coefficient have been constructed explicity by assuming trivial seed solutions.
Further, the figures of soliton solutions for the two-dimensional cmKdV-MB system with
time-dependent coefficient are given. We note that using the above presented Darboux
transformation, one can also construct other type exact solutions of the two-dimensional cmKdV-
MB system with time-dependent coefficient.
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Science of the Republic of Kazakhstan (the base part of the state task No.0888/GF4)

References
[1] Debnath L 1997 Nonlinear partial differential equations for scientist and engineers (Boston: Birkhauser)
[2] Wadati M 2001 Pramana: Journal of Physics 57 841-847
[3] Wadati M 1972 J. Phys Soc. Jpn 32 1681-1687
[4] Wazwaz A M 2009 Partial Differential Equations and Solitary Waves Theory (Berlin: Springer)
[5] Peng Y Z 2010 Commun. Theor. Phys. 54 863-865
[6] Lu X, Ma W X, Khalique C M 2015 Appl. Math. Lett. 50 37-42



ISQS25 IOP Publishing

IOP Conlf. Series: Journal of Physics: Conf. Series 965 (2018) 012035 doi:10.1088/1742-6596/965/1/012035

Wazwaz A M 2011 Phys. Scr. 84 035010

Grses M, Pekcan A 2011 J. Math. Phys. 52 083516

Hereman W, Nuseir A 1997 Math. Comput. Simul. 43 1327

Lou S 1997 Commun. Theor. Phys 28 4150

Biswas A 2009 Nonlinear Dyn. 58 345-348

Ma W X, Zhu Z 2012 Appl. Math. and Comput. 218 11871-11879

Ma W X, Abdeljabbar A and Assad M G 2011 Appl. Math. Comput. 217 10016-10023

El-Tantawy S A, Moslem W M 2014 Phys. Plasma 21 052112

Yesmakanova K R, Shaikhova G N, Bekova G T 2016 AIP Conf. Proceedings 1759 020147

He J, Wang L,Li L, Porseizian K and Erdely R Preprint 1405.7845

Bekova G T, Shaikhova G N, Yesmakanova K R, Myrzakulov R 2017 J. Phys.: Conf. Series 804 012004

Myrzakulov R, Mamyrbekova G K, Nugmanova G N, Lakshmanan M 2015 Symmetry 7 1352-1375

Yesmakanova K R, Shaikhova G N, Bekova G T, Myrzakulov R 2016 J. Phys.: Conf. Series 738 012018

Yesmakanova K R, Shaikhova G N , Bekova G T, Myrzakulova Zh R 2016 Advances in Intelligent Systems
and Computing 441 183-198

Li C, He J Preprint 1210.2501v1

Yang J, Li Ch,Li T, Cheng Zh 2013 Chinese Physics Letters 30 104201

Li Ch, He J, Porsezian K 2013 Physical Review E 87 012913

10





