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Abstract. Nonlinear dispersionless equations can be obtained as dispersionless limits
(quasiclassical limits) of integrable hierarchies of equations or by constructing a system of
hydrodynamic type. In this paper, the dispersionless limit of the (1+1)-dimensional Fokas-
Lenells equation is found. We present Lax pair for this dispersionless equation. As well known,
the Fokas-Lenells equation characterizes the propagation of ultrashort nonlinear light pulses in
optical fibers. Exact solutions of the dispersionless version of the Fokas-Lenells equation describe
nonlinear shock waves in optical fiber systems. By using the obtained results, one can find shock
wave solutions of the dispersionless equation, which have different physical applications.

1. Introduction
After the discovery of the inverse scattering problem method (IST), the study of integrable
models or nonlinear partial differential equations became an active area of the research. These
models in some sense are universals since they manifest themselves in many areas of physics,
such as solid state, nonlinear optics, hydrodynamics, field theory, and many others. In addition,
integrable models are associated with many areas of mathematics and have peculiar structures
[1]-[4]. One of such models is the recently proposed Fokas-Lenells (FL) equation, which describes
the propagation of ultrashort nonlinear light pulses in optical fibers. The FL equation is as
follows [5, 6]:

iqxt − iqxx + 2qx − δ |q|2 qx + iq = 0, (1)

where q(x, t) is complex envelope of the field, x is the propagation distance and t the retarded
time, which are also denoted partial differentiation by arguments x, t and i - imaginary unit.
Also δ (δ = ±1) denotes self-focusing with δ = 1 or self-defocusing with δ = −1 [7].

In this paper, we consider the case of δ = 1, that is, the equation (1) with self-focusing has
the form

iqxt − iqxx + 2qx − |q|2qx + iq = 0. (2)

Since equation (2) is integrable, it has a Lax pair, which plays a major role in the theory
of integrable systems. She allows you to apply IST to construct exact solutions of integrable
systems and to study the asymptotics of problems with initial conditions. For the studied
equation, the Lax representation (LR) has the form [5, 6]

Φx(x, t, λ) = U(x, t, λ)Φ(x, t, λ), (3)

Φt(x, t, λ) = V (x, t, λ)Φ(x, t, λ), (4)
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where Φ = (Φ1,Φ2)
T is called 2 × 2 the matrix eigenfunction of the eigenvalue λ (or spectral

parameter) and the matrix operators U and V are given in the following form:

U(x, t, λ) = −iλ2σ3 + λQx(x, t, λ), (5)

V (x, t, λ) = −iλ2σ3 + λQx(x, t, λ) + V0(x, t, λ) +
1

λ
V−1(x, t, λ)−

i

4λ2
σ3. (6)

Here

Q =

(
0 q
q̄ 0

)
, V0 = iσ3 −

i|q|2

2
σ3, V−1 =

i

2

(
0 q
−q̄ 0

)
, σ3 =

(
1 0
0 −1

)
,

where q̄ means complex conjugate q. Also, can easily verify that the equations (3)-(4) satisfy the
compatibility condition Φxt = Φtx, that is, the equation of zero curvature Ut − Vx + [U, V ] = 0
gives the equation (2).

For the first time, dispersionless equations were introduced independently by Lebedev, Manin,
and Zakharov in 1980 and appear in the development of low-dimensional quantum field theory.
The main example of such equations is the dispersionless Kadomtsev-Petviashvili equation,
which describes wave propagation in the absence of dispersion.

In this paper, we present the dispersionless (1+1)-dimensional FL equation and its LR, which
satisfies the compatibility condition, that is, it means that the desired equation is integrable.

2. Dispersionless (1+1)-dimensional Fokas-Lenells equation
We turn to find the dispersionless limit (semiclassical limit) of the equation (2). To do this, we
make in the equation (2) a scale transformation with x and t, that is, [8, 9]

∂

∂t
→ ϵ

∂

∂t
,

∂

∂x
→ ϵ

∂

∂x
.

and the limit transition is ϵ → 0. Here ϵ is the scaled Planck’s constant. In this case, the
equation (2) takes the form

iϵ2qxt − iϵ2qxx + 2ϵqx − ϵ |q|2 qx + iq = 0. (7)

We perform a change of variables in the following form:

q =
√
ue

iS
ϵ , (8)

where u(x, t) is the amplitude and S(x, t) is the classical action, which are real functions, also,
|q|2 = u.

Now, first differentiate the equation (8) with respect to x

qx =

(
ux√
2u

+
i
√
uSx

ϵ

)
e

iS
ϵ , (9)

then the equation (9) is differentiable with respect to x and t, that is,

qxx =

{(
ux
2
√
u

)
x

− S2
x

√
u

ϵ2
+

i

ϵ

[
Sxx

√
u+

Sxux√
u

]}
e

iS
ϵ , (10)

qxt =

{(
ux
2
√
u

)
t

− SxSt
√
u

ϵ2
+

i

ϵ

[
Sxt

√
u+

Sxut + Stux
2
√
u

]}
e

iS
ϵ . (11)
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Expressions (9)-(11) are substituted into the equation (7), which gives

iϵ2
(

ux
2
√
u

)
t

− iSxSt

√
u− ϵ

(
Sxt

√
u+

Sxut
2
√
u
+

Stux
2
√
u

)
− iϵ2

(
ux
2
√
u

)
x

+ iS2
x

√
u+

+ϵ(Sxx

√
u+

Sxux√
u

) + ϵ
ux√
u
+ 2iSx

√
u− ϵ

δ
√
uux
2

− iSxu
√
u+ i

√
u = 0. (12)

Having considered the equation (12) for various degrees ϵ, we obtain the following equations:

St − Sx + u− 1

Sx
− 2 = 0, (13)

2Sxtu+ Sxut + Stux − 2(Sxux)x − 2ux + uux = 0, (14)

where S = ∂−1
x v (v = Sx).

Then the equations (13) and (14) take the following final form:

vt − vx + ux +
vx
v2

= 0, (15)

ut + (2vtu+ γux − 2(uv)x − 2ux + uux)v
−1 = 0, (16)

here γ = ∂−1
x vt.

Thus, the equations (15) and (16) are the desired dispersionless (1+1)-dimensional FL
equation and it is obvious that there are no dispersion terms in them.

3. Lax representation of the dispersionless Fokas-Lenells equation
To construct the LR of the equation (15) and (16), consider the LR of the FL equation as

Φ1x = −iλ2Φ1 + λqxΦ2, (17)

Φ2x = λq̄xΦ1 + iλ2Φ2 (18)

and

Φ1t =

(
−iλ2 + i− i |q|2

2
− i

4λ2

)
Φ1 +

(
λqx +

i

2λ
q

)
Φ2, (19)

Φ2t =

(
λq̄x −

iq̄

2λ

)
Φ1 +

(
iλ2 − i+

i |q|2

2
+

i

4λ2

)
Φ2. (20)

We set the substitution in the following form:

Ψ1 = ξ1e
i
ϵ [F+λ2x], (21)

Ψ2 = ξ2e
i
ϵ [F+λ2x−∂−1

x v] (22)

and
q =

√
ue

i
ϵ
∂−1
x v, (23)

where F, u, v, ξn- are real functions. We apply scale transformation

∂

∂t
→ ϵ

∂

∂t
,

∂

∂x
→ ϵ

∂

∂x
,
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after which the equations (17)-(20) take the form

ϵΦ1x = −iλ2Φ1 + ϵλqxΦ2, (24)

ϵΦ2x = ϵλq̄xΦ1 + iλ2Φ2. (25)

and

ϵΦ1t =

(
−iλ2 + i− i |q|2

2
− i

4λ2

)
Ψ1 +

(
ϵλqx +

i

2λ
q

)
Φ2, (26)

ϵΦ2t =

(
ϵλq̄x −

iq̄

2λ

)
Ψ1 +

(
iλ2 − i+

i |q|2

2
+

i

4λ2

)
Ψ2. (27)

Substituting the equations (21)-(23) into the equations (24) and (25), we get

Fx + 2λ2 − λ
√
uv

ξ2
ξ1

= 0, (28)

ξ2 = −λ
√
uvξ1

Fx − v
. (29)

Then, in the obtained equation (29) we substitute the equation (28), and we get the first equation
of the LR

Fx −
λ2uv2

Fx − v
+ 2λ2 = 0 (30)

or

p+
λ2uv2

p− v
+ 2λ2 = 0, (31)

where p = Fx.
Now we turn to find the second LR equation. We substituted equations (21)-(23) is into the

equation (26)

Ft + λ2 − 1 +
u

2
+

1

4λ2
= − λ2uv2

Fx − v
− uv

2(Fx − v)
. (32)

We differentiate the equation (32) with respect to x

Ftx +
ux
2

+

(
λ2uv2

Fx − v

)
x

+

[
uv

2(Fx − v)

]
x

= 0 (33)

or

pt − px +
1

2

(
uv

p− v

)
x

+
ux
2

= 0. (34)

Integrating the equation (34) over x and entering the notation ∂−1
x pt = Ft, we obtain

Ft − Fx +
1

2

(
uv

Fx − v

)
+

u

2
= E, (35)

where E = const.
Thus, we have obtained the Lax pair of the equation (31)-(34), that is

p+
λ2uv2

p− v
+ 2λ2 = 0,

pt − px +
1

2

(
uv

p− v

)
x

+
ux
2

= 0.
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4. Conclusion
Thus, the dispersionless (1+1)-dimensional Fokas-Lenells equation is found and its the Lax
representation is constructed, which satisfies the compatibility condition. The next step is to
find the shock wave solution for obtained the equation.
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