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Abstract. We focus on a viable teleparallel cosmological model with a scalar field in a flat 
Friedman-Robertson-Walker universe. The Lagrangian and equations of motion are obtained. 
The case of an inhomogeneous viscous dark energy is considered and the cosmological 
parameters associated with the viscosity parameter are determined. It is shown that when 
considering constant viscosity and state parameter, the Universe expands exponentially 

1.  Introduction 
With the discovery of the accelerated expansion of the Universe at the end of the last millennium 
[1,2], it became necessary to revise the entire picture of the universe. The generally accepted standard 
theory, which has successfully described the evolution of the universe for many years, has become 
unsuitable on a cosmological scale. For about thirty years now, scientists have been trying to create a 
theory describing the current state of the universe. The first attempts are to add some super-energy to 
the composition of the Universe, which is called dark energy [3], since its nature is not yet known and 
it manifests itself only in gravitational interaction. Another attempt is all kinds of modification of 
Einstein's general theory of relativity [3] or alternative theories [4]. The modification of Einstein's 
theory began with the introduction of a high order of curvature into the Hilbert-Einstein action, for 
example, the Starobinsky model [5], which he proposed even before the discovery of the fact of 
accelerated expansion in 1981. This model is widely used in cosmology. No less well-known 
modification is taking into account the torsion of space-time or teleparallel gravity (for example Rev. 
[6]). 

A modified teleparallel theory of gravity with a torsion scalar has recently received a lot of 
attention as a possible explanation for dark energy. The role of torsion in gravity has been extensively 
studied in the main direction - the approximation of gravity to its gauge formulation and the inclusion 
of rotation in the geometric description. For example, work [7] considered various torsion structures, 
from teleparallel to Einstein-Cartan theory and metric-affine gauge theories, leading to the expansion 
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of torsion gravity in the paradigm of  gravity, where  is an arbitrary function of the torsion 
scalar. Based on this theory, the authors considered the corresponding cosmological and astrophysical 
applications and showed that the cosmological solutions arising from gravity, both at the background 
level and at the level of perturbations, in different epochs of cosmic expansion. The gravitational 
construction can provide a theoretical interpretation of the acceleration of the universe in late time, an 
alternative to the cosmological constant, and it can easily adapt to a regular history of thermal 
expansion, including phases dominated by radiation and cold dark matter. A new class of  
models with k-essence is presented in [8]. In [9], the authors obtained the equations of motion for the 
Lemaitre-Tolman-Bondi  metric in the cases of diagonal and off-diagonal tetrads. It was shown that, 
for diagonal tetrads, the equations of motion of the  theory impose constant torsion or the same 
equations of general relativity, while in the case of an off-diagonal system, the equations are very 
different from the equations, and in the off-diagonal case shows, as it were, an increase in comparison 
with the diagonal mass of matter at its predominance in the universe. Also, power, exponential and 
quadratic exponential  dependences on torsion were investigated in [10]. 

The modification of the Hilbert-Einstein action is performed not only due to the spatial 
Lagrangian, but also due to the matter Lagrangian. In [11], fluids with viscosity are investigated and 
various types of f-essences are considered that can lead to accelerated expansion [12]. Fluid 
representation of dark energy has many benefits. For example, apart from the fact that we can still use 
the formalism of general relativity through Friedman’s equations, almost any modification of general 
relativity can be encoded in a fluid-like form, so studying inhomogeneous viscous fluids is one of the 
easiest ways to understand some of the general features of such an alternative theory. In this work, we 
considered a gravity model with an inhomogeneous viscous fluid. The aim of this work is to study the 
behavior of an inhomogeneous viscous fluid in  gravity. 

We use units of   and denote the gravitational constant, , by  , such 
that ,  being the Planck mass. 

. 
. 

2.  gravity with scalar field theories 
At first, the action for  modified theory of gravity: 

  (1) 

where ,  is the vierbein or tetrad fields (Greek indices run over the coordinate 
space-time and Latin indices run over the tangent space-time), which is used as a dynamical object in 
teleparallel gravity and is the space-time metric tensor, is the function dependent 
on  -scalar field,  is a function dependent on ,  is torsion, is a potential energy of the 
scalar field. As usual the ’dot’ over the symbol means derivative with respect to cosmological time 

.Here  = +1,-1 represent quintessence and phantom (or ghost) dark energies, respectively. 
We will deal with the well-known Friedman-Robertson-Walker (FRW) isotropic and 

homogeneous models in spatial flat metric 
 

  (2) 

where  is the cosmological scale factor. In order to derive the cosmological equations in a FRW 

metric, one can define a canonical Lagrangian , where  is the 
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configuration space and  is the related tangent bundle 
on which  is defined. Next, we will omit the function dependencies to keep things simple. One can 
use the method of the Lagrange multipliers to set  as a constraint of the dynamics. Selecting the 
suitable Lagrange multiplier and integrating by parts, the Lagrangian  becomes canonical. In our 
case, we have 

  (3) 

here the Lagrange multiplier is . 

Then the point-like Lagrangian reads (ignoring a constant ) 

  (4) 

After that, using the Euler-Lagrange equations for this Lagrangian function and zero condition energy 
we obtain following equations of motion 

  (5) 

  (6) 

  (7) 

  (8) 

where  denotes the Hubble parameter and indices mean derivatives on given variables,  

and  are the effective energy density and pressure of the modified gravity model 

  (9) 

  (10) 

 

3.  Inhomogeneous viscous fluids in flat FRW space-time 
Thus, if an equation of state (EoS) connecting the pressure  and energy density  is chosen in the 
form 
 

 , (11) 
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where  is the bulk viscosity and in our ansatz, it depends only on the Hubble parameter, . 
For the realistic model, we take viscosity term which introduces the effective pressure in the energy-
momentum tensor [13,14],   

 , (12) 

where  is the constant bulk viscosity. 
Substituting (10) and (11) into (12) we obtain, 

  (13) 

 
Then using parameter of Hubble, we find time-dependent scale factor 

  (14) 

Let us start from an inhomogeneous fluid with EoS parameter equal -1. 

 ;  (15) 

and let's assume that   is a constant. Consider a massless scalar field with 
potential  and a similar dependence of the coupling function . From the Dirac 
equation (7) taking into account (8), when equating all constants to unity, we obtain 

 

(16) 

  (17) 

  (18) 

 

4.  Conclusion 
The study of inhomogeneous viscous fluids in the Friedman-Robertson-Walker Universe is one of the 
important problems of cosmology. This approach gives a more real and general form of the equation 
of state. Therefore, it can be used both in describing the current accelerated expansion of the Universe 
and the inflationary period. Within the framework of modified theories of gravity, describing dark 
energy, an inhomogeneous viscous fluid has been investigated in many works, but within the 
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framework of  torsion gravity it has not yet been fully studied. This article is devoted to the study 
of a modified model of gravity, namely  torsion gravity is not minimally coupled with a scalar 
field . The equations of motion of this model are obtained and the connection with an 
inhomogeneous viscous fluid is investigated. A constant viscosity with a constant parameter is 
considered. All cosmological parameters describing the dynamics of the model are obtained. 
Analyzing with respect to the de Sitter model in which the Hubble parameter is constant, in our model 
it depends on the value of the viscosity parameter and changes exponentially with respect to time. 
Also, all other parameters depend on the value of the viscosity parameter. With a positive viscosity, 
the universe expands exponentially, see equations (14) and (15). 
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