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Abstract: In this paper, we study the Kuralay equations, namely the Kuralay-I equation (K-IE) and
the Kuralay-II equation (K-IIE). The integrable motion of space curves induced by these equations
is investigated. The gauge equivalence between these two equations is established. With the help
of the Hirota bilinear method, the simplest soliton solutions are also presented. The nonlocal and
dispersionless versions of the Kuralay equations are considered. Some integrable generalizations and
other related nonlinear differential equations are presented.
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1. Introduction

In this paper, we continue our programme of construction of integrable spin systems
(or Heisenberg ferromagnet-type equations) in 1 + 1 and 2 + 1 dimensions (see, e.g., [1-4]
and references therein). We present some such type-integrable systems and their gauge-
equivalent counterparts. Generally speaking, soliton equations (integrable equations) are
the most important class of nonlinear differential equations (NDE) in mathematics and
physics. They have remarkable applications to many physical systems, such as hydrody-
namics, nonlinear optics, plasma physics, field theories and so on. The nonlinear integrable
system is characterized by several features: solitons, Lax pairs, Painleve tests and so on.
Searching for such integrable NDE is an extremely important task in modern mathematical
physics and its applications. Another very important actual problem is the construction
of the exact solutions of such integrable systems. At present, to find exact solutions of
integrable nonlinear equations, there exist several powerful mathematical tools, such as
the inverse scattering transform, the Hirota bilinear method, the Wronskian and pfaffian
technique, the Bell polynomial approach, the Darboux and Backlund transformations,
Painleve analysis, etc. Among these methods for the construction of exact solutions, the
Hirota bilinear method is most efficient for the construction of exact solutions and multiple
collisions of solitons. Note that soliton solutions have a wide range of applications in non-
linear physics and other branches of science. For example, such nonlinear solutions arise
in different areas, such as fluid mechanics, nonlinear optics, atomic physics, biophysics,
biology, field theory, in plasma physics and Bose-Einstein condensates and so on. The main
subject of this work is the following Kuralay-II equation (K-1IE) [5-9]

it +qxt —vg = 0, 1)
Uy — 2€(|q\2)t =0, )
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where g(x, t) is a complex function, 7 is the complex conjugate of g, v(x, t) is a real function
(potential), e = £1, x and t are independent real variables. A subscript denotes a partial
derivative with respect to x and ¢. In the soliton theory, the gauge equivalence and geomet-
rical equivalence between integrable equations play an important role [10,11]. In this paper,
we prove that the gauge and geometrical equivalent counterpart of the K-IIE (1) and (2) is
the following Kuralay-I equation (K-IE) [5-9]

St —SASy—uS, =0, 3)

G @

where S = (51, S, S3) is the unit spin vector, s? = S% + S% +582=1, S% = S%x + S%x + S%x

and u is the real scalar function (potential). This K-IE is one of the examples of integrable

spin systems (see, e.g., [1-4] and references therein).

The paper is organized as follows. In Section 2, we consider the Kuralay-II equation.

The traveling wave solutions and the simplest soliton solution of the K-IIE are considered

in Section 3. The integrable motion of the space curves induced by the K-IIE is presented in

Section 4. In the following Section 5, the gauge equivalence between the K-IE and the K-IIE

is established. The Hirota bilinear form and soliton solutions of the K-IE are considered in

Section 6. The nonlocal and dispersionless versions of the Kuralay equations are presented

in Sections 7 and 8, respectively. In Sections 9 and 10, we present some generalizations of
the K-IE and K-IIE, respectively. We conclude in Section 11.

2. The Kuralay-II Equation

In this paper, we will study the Kuralay equations (KE). For example, there are two
forms, which are the two versions of the Kuralay-II equation (K-IIE). They are the Kuralay-
ITA equation (K-IIAE) and the Kuralay-IIB equation (K-IIBE). In this section, we study these
two forms of the K-IIE.

2.1. Kuralay-1IA Equation (K-IIAE)
In this paper, we study the following form of the Kuralay-II equation (K-IIE) [5-9]

iqr —qxt —vq = 0, @)
ity + 1y +or = 0, (6)
Uy + Zdz(rq)t =0, (7)

which we call the K-ITAE. It is integrable by the inverse scattering transform (IST) method.
It is well known that the Lax pair plays a key role in the theory of integrable systems. Below,
we write that the nonlinear equation has the Lax representation if it can be written as the
compatibility condition of two linear equations. Thus, in this paper, the Lax pair and the
Lax representation are equivalent synonyms. In our case, for the K-IIAE, the corresponding
Lax representation has the form

D, = Up®, ®)
O = KO, )
with
U, = id\os +dQ, (10)
V, = ﬁB. (11)
Here,

B = —0.5iv03 — dios Qs (12)
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and

Q=<Sg) 03:((1) _01) (13)

The compatibility condition
Uyt — Vox + [Uz, V2] = 0 (14)

is equivalent to the g-form of the KE (gKE) [5-9], i.e., to the Kuralay-IIA equation (K-IIAE)
(5)—(7), where Uj; = %, Vix = ETZ] and so on. As r = €, d = 1, from these equations, we

obtain the K-ITAE of the form (1) and (1).

2.2. Kuralay-11B Equation (K-IIBE)
The second form of the K-IIE is given by

iy + qu —vq = 0, (15)
ity —tyt +or =0, (16)
v —2(rq)x =0, (17)

which we call the K-IIBE. It is the second form of the K-IIE. It is natural that this K-IIBE is
also integrable in the sense that it admits the Lax representation of the form

O, = Uzd, (18)
D, = V3D, (19)

where
Uy = —ides +Q, V=1 _1 7B B = 0503 — i03Qx. (20)

3. Soliton Solutions

Let us demonstrate that the K-IIE admits some exact solutions, e.g., the simplest
traveling wave solutions, including the 1-soliton solution. As an example, here, we consider
the K-ITAE. Letd = 1, v = €4. Then, the K-ITAE takes the form

it — qxt —0q = 0, (21)
vx —2¢(|g*): = 0. (22)

3.1. Traveling Wave Solutions
Let us assume that q(x, t) has the form

q= X(xr f)ei(ﬂx+bt+5), (23)

where x(x, t) is a real function and 4, b, § are some real constants. Then, the K-ITAE takes
the form

i(xt +ibx) — [xat +iax: +ibxy —abx] —ovx = 0, (24)
vy —2e(x?); = 0. (25)

Hence, we obtain

Xt —axt—bxx =0, (26)
—bx — Xzt +aby —vx = 0, (27)
vy —2e(x%); = 0, (28)
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or
Xt —axt—bxx =0, (29)
Xxt —bla—1)x +vx =0, (30)
vy —2e(x%); = 0. (31)

Let us now introduce the new independent variable ¢ = mx + ct, where m, ¢ are some
real constants. Then, we have

(c—ac—bm)xg =0, (32)
cmyge — [b(a—1) —ci]x + 2em™ 13 =0, (33)
mo — 2cx* — mcy = 0. (34)
Hence, we obtain

I c(lb—a)’ (35)

b(a—1)—n -
xee = LU w2, (36)
v = Zriflc;(2 + 1. (37)

It is well known that the solutions of Equation (36) are provided by the Jacobi elliptic
functions cn and dn. It is well known from the literature that these functions (cn and dn)
satisfy the following equations [12]:

Xee + (1—2k2)x +2K%%° = 0, (38)
Xee— (2—K)x+2x° =0, (39)

respectively. The corresponding two solutions of the K-IIE are given by

= Cn(€|k)ei(ax+ht+(5), (40)

vy = 2cd ten®(Ek) + ¢, (41)
and

go = dn(€|k)€i(ax+bt+6), (42)

vy = 2cmYdn?(E,k) +c1, (43)

respectively. If k = 1, from these solutions, we obtain the following 1-soliton solution of the
K-IIE

_ % i(ax+bt+o)
1 cosh(fe (44
2ce
0= mcosh?¢ tey 45
where
= :I:%, g =—cm Ya—1)+m?, b=cm1(1-a). (46)

This 1-soliton solution represents a wave traveling that propagates with constant
speed and shape [13].
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3.2. Hirota Bilinear Form

One of the most powerful methods of the construction of exact and explicit solutions
of the nonlinear differential equations is the famous Hirota bilinear method [14]. In this
subsection, we apply it to solve the K-IIAE.

3.2.1. K-IIAE

To construct the N-soliton solution, we can use the Hirota bilinear form of the K-ITAE.
It can be obtained by using the following transformation

q=— 0 = 2(ln¢)xt, (47)

where  is a complex function and ¢ is a real function. Then, we obtain the following Hirota
bilinear equations

[iDt + DyDy](ho ¢) = 0, (48)
D2(¢ o §p) — 2ehh = 0, (49)

where the Hirota D-operators are defined as

DLF(3)08(0) = (35— 55 ) SO e 50

The 1-soliton solution that we look for is

e(X""X)

— X = fg
h=eX, ¢=1+¢p=1+ T

(51)

where x = i(ax + bt +6), (a = const, b = const,é = const). Finally, we obtain the 1-soliton
solution of the form (44)—-(45). Proceeding in the standard way, we can construct the
N-soliton solutions of the K-IIAE.

3.2.2. K-IIBE

Similarly, we can construct the soliton solutions of the K-IIBE via the Hirota bilinear
method. The corresponding bilinear equations read as

[iDx + DyDt|(ho¢) = 0, (52)
D?(¢ o ¢p) — 2ehh = 0. (53)

4. Integrable Motion of Space Curves Induced by the K-IIE

Itis well known thatin 1 + 1 and 2 + 1 dimensions, there exists geometrical equivalence
between spin systems and nonlinear Schrédinger-type equations [1-4,10-37], which we
call the Lakshmanan equivalence or, in short, the L-equivalence. In this section, we find
the L-equivalent counterpart of the K-IIAE (5)—(7). For this purpose, in this section, we
want to study the integrable motion of space curves induced by the K-ITAE (5)—(7). For
this purpose, consider a moving space curve in R® parametrized by the arclength x. It is
well known that such a space curve is governed by the following spatial and temporal
Serret-Frenet equations (SFE)

€1 €1 €1 €1
%) = C e |, %) =D e\, (54)
e/ €3 €/ €3
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where
0 x o 0 w3 w
C=|-«x 01|, D=|-w3s 0 wq]. (55)
—oc —10 —wy —wq 0

Here, x and ¢ are the geodesic and normal curvatures of the space curve, T is its
torsion, and w; (j = 1,2,3) are some real functions describing the motion of space curves.
The latter functions must be expressed in terms of «, o, T and their derivatives. Note that
the SFE can be rewritten as

€ix = CA €, €= DA €i, (56)
where
C=r71e; +0e;+xe3, D= (wy,wy ws) (57)

and e;s, i = 1, 2,3, form the orthogonal trihedral. The compatibility condition of the linear
Equation (54) reads as

Ci—Dy+[C,D]=0 (58)
or
Kt = W3y — TWy + 0wy, (59)
0 = Wyy — Kw1 + Tws, (60)
T = W1y — OW3 + KWwy. (61)

Let us now assume that functions 7, 7, x have the following forms
T=—id(r+q), oc=d(r—q), x=2dA, (62)

d di
w1 = m(i’t - Qt), W = m(n +Qt), w3 = —0, (63)

where r, g are some complex functions, v is a real function and d = const. Substituting these
expressions into the set (59)-(61), we obtain the following equations for the functions g, r, v:

igr — gyt —vg =0, (64)
iry+ry+or =0, (65)
vy +2d%(rq); = 0. (66)

It is nothing but the K-IIAE (5)—(7). Therefore, we have constructed the integrable
motion of the space curves induced by the K-IIAE. In this case, it is not difficult to verify
that the unit vector e3 satisfies the following set of equations

e3r —e3 Nesy —ueze =0, (67)

1
e+ 5 (€)= 0. (68)
This set of equations is the geometrical or Lakshmanan equivalent counterpart of the
K-ITAE (5)—(7). Note that after the identification e3 = S, Equations (67) and (68) take the
form of the K-IAE (3) and (4). Thus, this result proves that the K-IAE and the K-IIAE are
geometrically equivalent to each other.

5. Gauge Equivalent Counterpart of the K-IIE

In the previous section, we obtained the geometrical equivalent of the K-IIAE, which
has the form (67) and (68). In this section, our aim is to find the gauge-equivalent counter-
part of the K-ITAE.
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5.1. Derivation of the K-IAE

Thus, in this section, we want to find the gauge-equivalent partner of the K-IIAE. To
do this, we consider the following gauge transformation

Y=g'o, (69)

where ® is the solution of Equations (8) and (9) and g(x, t) = ®|)—. After some standard
algebra [11], we obtain the following equations for the new function ¥:

Y, =UY, (70)
Y = WY, (71)
where
. 27 .
Here,

S =g lmg. (73)

The compatibility condition
Uy — Vip + (U, V1] =0 (74)

is equivalent to the following Kuralay-IA equation (K-IAE):

1

iS¢ = 5 [S,5x] +iusy, (75)

i

Uy = itr(S - [Sx, St]), (76)
or

. 1 .

iS; = 5[5, Sxt] + iuSy, (77)

1

ux = —5tr((SD1), (78)

where
S3 ST 2 + .
5_(s+ 53>, S2=1,  S*=5,+iS,. (79)

This K-IAE is one of examples of an integrable spin system (see, e.g., [1-4] and
references therein). The solutions of the K-IE and the K-IIE are related by the following
formulas:

tr(S2) = 8|q|* = 282. (80)
and
~2iS - (Sy A Sxx) = 1(S5xSxx) = 4(0x — Ix1). (81)
The K-IAE can be written in the vector form as [5]

St —SASy —uSy =0, (82)
1
Uy + E(s%()t =0, (83)
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where S = (51, S,, S3) is the unit spin vector, $* = §? + S5+ 53 = 1,82 = 53 + 5% + S5,
and u is the real scalar function (potential). Using the stereographic projection, one can
obtain the following new form of the K-IAE:

. 20w Wt
- - =0, 34
0+ Wxt — w0y = (84)
Zi(wxa‘)t — u‘)xwt) .
S (a7 )
Here,
St S 1S, — W _ Sfﬂ (86)
TN R T 1+ |wf
and
St
@ 1+ 53 (87)
5.2. Derivation of the K-IBE
Analogically, we can derive the K-IBE. It has the form
. 1 .
iSy = E[S, Sxt] +iuSy, (88)
1
ur = —5tr((8H), (89)
or
iy + wu — uwy — 2200 g (90)
X xt t 1+ |w|2 - Y
Zi(wth — Zl_)th)
uy + = 0. 91
N CERTTE o

6. Soliton Solutions of the K-IE

There are two methods for the construction the exact solutions of a spin system such
as the K-IE. One is to find solutions of the spin system using the corresponding solutions
of its gauge-equivalent counterpart. Another method is finding the solutions of the spin
system directly.

6.1. Solutions from Gauge Equivalence

The gauge equivalence between two equations allows us to construct the solutions of
one equation using the solutions of the other gauge-equivalent equation. Here, we use this
approach to find solutions of the K-IAE. Let the seed solution of the K-IIAE have the form
r = g = 0,v = 2c. Then, the associated linear system (8) and (9) takes the form

ic
Por = — 355 % %0 (93)
where
9 a1 (fo ¢
o, — (P01 _<Poz)’ o1 — ( 01 02>, detdn — > ol 04
¢ (4)02 4)01 0 detCDO —4)02 ¢01 0 |¢01| |¢02| ( )

The corresponding solution of the linear Equations (92) and (93) has the form

do1 = c1e X, oo = cpet O, (95)
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where c; are complex constants, x = x1 +ix2 = i(dA — =53t +01),001 = 6 — 0, A =
a +ip and §j, a, B are real constants. For the spin matrix S, we have

(Ss ST\ 1 ~(po1]® = 192> —2P01Po2 )
°= (5+ —53) = Po o3P0 = ( —2¢o1¢02 | Ppozl* — [po1]* ) ©e)

For the components of the spin matrix S, we obtain the following expressions

55 = 901> — Ioa|? ot _ _20dw ©7)

det d ’ detdg -

Substituting the expressions for the functions ¢,; into the formula (97), we obtain the
following 1-soliton solution of the K-IE as

6 |c1]?e=2X1 — |y e L 2cqcpe%21 98)
P JaPe e T T o PP £ ey P
or
e2X1 i +er1+er) _
S3 = —tanh(2x;) = 1 St=—— & =5+, (99)

1] cosh(2x1)” cosh(2x1) ’

where ¢; = |c; |¢“i. Thus, using the gauge equivalence between two Kuralay equations, we
have constructed the 1-soliton solution of the K-IE. Finally, we note that the functions ¢,;
are the analogies of eigenvectors. As it is well known, these eigenvectors are closely related
to the soliton problems (see, e.g., [38—40] and references therein).

6.2. Hirota Bilinear Form of the K-IE

To construct the N-soliton solution of the K-IE, we can use the Hirota bilinear method.
For this purpose, we consider the w-form of the K-IAE. Consider the transformation

g
w=2¢, (100)
f
where f and g are some complex valued functions. Substituting this expression into the
Kuralay-I equation, after some algebra, we obtain the following bilinear form

(iDt — DxDt)(f 0 8)

0 (101)

(iDt = DxDy)(fo f —=gog) =0, (102)
Dx(fof+gog) =0, (103)
and
u=_Dilfofr8og) (104)
fof+gog

Here, Dy is the Hirota bilinear operator, defined by

DD} (f 0 8) = (9x — 9x)* (9 — 0u)" f (x, 1) (%, 1) |y =t (105)
Note that from the definition of the D-operator, it follows that

ux = —2i[Di(f 0 g)Dx(fo §) —c-c]. (106)

On the other hand, the spin field takes the form



Symmetry 2022, 14, 1374 10 of 34

2fg PP
ST =_— 2 _ Gg=1i S (107)
FRP+1gP P IfP+gl?

The bilinear form of the K-IE represents the starting point to obtain interesting classes
of its solutions. The construction of the solutions is standard. One expands the functions g
and f as a series

g=€egq +e3g g4 (108)
f=1+fr+efatelfot+ (109)

Substituting these expansions into (101)—(103) and equating the coefficients of €, one
obtains the following system of equations from (101):

e gy + g1t =0, (110)
€3 1 [id + 904]g3 = [iDs — DxD{](f2.81), (111)
(112)
(113)
. (114)
et [1at +axat]g2n+l = Z [iDt - Dth](f2k'g2m+1)/ (115)
k+m=n
and from (102):

€® 1 i04(fo — f2) — 9x0t(f2 + f2) = [iDr — DxDy]($1.81), (116)
€* 1 i0¢(fy — f1) — 0x0¢(fa + fa) = [iDr — DxDy|(§1.83 + §3-81 — fo-f2), (117)
: (118)
€ i0¢(fan — fon) — 0x0t(fon + fon) = (119)
(iDy — DxDy) < Y §2n1+1-82n2+1> — (iDy — DxDy) ( Y. fom -f2m2>- (120)

ni+ny=n—1 my+mo=n

Further from (103), we have the following;:
e 0:(fa— f2) = —Dx(31-81), (121)
€t 1 0:(fa — f1) = —Dx(§1.83 + 33-91 + fo-f2), (122)
(123)
(124)
(125)
e : Ox(fan — fan) = —Dx 2 (g2n1+1'82n(2+1) + Z fony-fony) |- (126)
ny+np=n—1 ni+ny=n

Solving recursively the above equations, we obtain many interesting classes of solu-
tions to the K-IE. At last, we note that the functions g, f are the analogies of eigenvectors.
As it is well known, these eigenvectors are closely related to the soliton problems (see,
e.g., [38—40] and references therein). However, in this paper, to construct the exact and ex-
plicit solutions of the Kuralay equations, we use a more modern and effective tool, namely
the Hirota bilinear method.
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7. Nonlocal KE

Recently, there has been significant interest in studying the nonlocal integrable
NDE [41-43]. In the previous sections, we have considered the local Kuralay equations. In
this section, let us we present some main results about the nonlocal Kuralay equations. In
particular, the nonlocal K-IIE has the form

ig —qxt —vg = 0, (127)
iry+rye +or =0, (128)
vy —2e(rq)r = 0, (129)

where
r=kj(erx,ext), r=kq(erx, ext), k=41, 612 =1 (130)

or

r=kj(—xt), r=kj(x,—t), r=kj(—x, —t), (131)
r=kq(—x,t), r=kq(x,—t), r=kq(—x, —t). (132)

The gauge equivalent spin system corresponding to the K-IIE is given by (3) and (4).
However, here, we must note that in contrast to the local case, in our nonlocal case, in
the Serret-Frenet Equation (54), the curvatures «(t, x) and o (¢, x), the torsion 7(t, x) and
w]-(t, x) are complex-valued functions. As a result, in the nonlocal case, the spin matrix
S is not Hermitian and has PT symmetry S(t,x) = 035" (t, —x)o3. The corresponding
spin vector S(t, x) = (S1(t,x), S2(t, x), S3(t, x)) is a complex-valued vector. As mentioned
above, in the nonlocal case, the spin matrix S(t, x) is not Hermitian. However, we can
decompose it as the sum of a Hermitian matrix and a skew-Hermitian matrix as [44]

S=M-+il, (133)
where ,
M = E(s++5), L=-(S"T-9). (134)

Next, we use the standard Pauli matrix representations of these matrices: M =
m-e@, L =10, where mand 1 are real-valued vector functions. From S = m + il and
S?2 = 1, we obtain

m’—1°=1, m-1=0. (135)

Finally, we obtain the following nonlocal Kuralay-I equation

m; —mAmy + 1ALy — (uymy —uply) =0, (136)

I —mALy — 1AMy — (ugly +upmy) = 0, (137)
1

e = 5 (my 1) =0, (138)

Upy —my Iy =0, (139)

where u; are real functions and u = uj + iup. This nonlocal K-IE is integrable. Its Lax
representation is given by

Yy = U4Y, (140)
Y, =V, Y. (141)
Here,

2A
1 2/\Z'

Uy = —iA(M+il), Vi (142)
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where
Z =0.25(([M, My] — [L, L¢]) +i([M, L¢] + [L¢, M]) + 2iu(M +iL)). (143)

8. Dispersionless KE

To find the dispersionless limit of the Kuralay-II equation, we consider the following
representation of the function g(x, t):

q=1/fec, (144)

where f,s are some functions, and € is a real parameter. Substituting this expression into
the K-IIE, we obtain the following set of equations

St — sy +0v =0, (145)
ft_stfx_sxft =0, (146)
vy —20ft = 0. (147)

This is the desired dispersionless Kuralay-II equation. It is integrable.

9. Some Integrable Generalizations of the K-IIE

The Kuralay equations admit several generalizations. As examples, here, we present
some of them: the Zhaidary equation, the two-component Kuralay-II equation, multicom-
ponent generalization and so on.

9.1. Integrable Zhaidary Equation
9.1.1. Case 1: Z-IIAE

One of integrable generalizations of the K-IIE is the following Zhaidary-IIA equation
(Z-1IAE) [5-9]:

iqr — qut + 4ic(vq)y — 2d%vg = 0, (148)
iry 4 ryp + 4dic(or)x + 2d4%vr = 0, (149)
vy — (rq)r = 0. (150)

Hence, as ¢ = 0, we have the K-IIAE

iqr — qu — 2d%vq = 0, (151)
ire + 1yt + 2d%0r = 0, (152)
vy — (rq)r = 0. (153)

Thus, the K-IIAE is the particular reduction of the Z-IIAE. Note that the ZE (148)—(150)
is integrable with the following LR:

O, = Us®, (154)
O = V5D, (155)
where

Us = [i(cA* +dA)os + (2cA +4)Q, (156)

1
Vs =-————(A’By + AB; + By). 157
5 = T9o2 — g M B2+ AB1+ Bo) (157)

Here,
. . . ) d d?

By, = —4icos, By = —4icdvos — 2ico3Q; — 8c“vQ, By = 2—CB1 — @Bz, (158)
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and
0=(2%7), r=eg e==+1 (159)
ro 7 4 .

The compatibility condition
Us; — Vs + [U5, V5} =0 (160)

gives the ZE (148)—(150). Thus, we have proven that as ¢ = 0, the Zhaidary equation
reduces to the KE, so that the ZE is one of the integrable generalizations of the KE.

9.1.2. Case 2: Z-1IBE
The second form of the ZE (148)—(150) can be written as

igy — quxt +4ic(vqg)s — 2dzvq =0, (161)
iry -+ 1yt + 4ic(or); + 2d%0r = 0, (162)
v —(rq)x =0, (163)

which is the Zhaidary-1IB equation (Z-IIBE). Hence, as ¢ = 0, we have the following K-IIBE
(15)-(17):

iqy — qut — 2d*vq = 0, (164)
iry + ry + 2d%0r = 0, (165)
vy —(rq)y = 0. (166)

As in Case 1, the Z-1IBE (161)—(163) is also integrable with the following LR:

D, = U, (167)
O, = Vp®, (168)
where
Ug = [i(cA? +dA)oz + (2cA +4d)Q, (169)
1
Vo = ———————(A’By + AB; + By). 17
6 1—2cA2—2d/\( 2+ AB1 + By) (170)
Here,
. . ) 2 d d?
By, = —4icos, By = —4icdvos — 2ico3Qy — 8¢c“vQ, By = %Bl — @Bz, (171)
and
0=(29), r—eg e==+1 (172)
ro)’ ! ’
The compatibility condition
Ugy — Vit + [U6, Vd =0 (173)

gives the Z-IIBE (161)-(163). Thus, we have proven that as ¢ = 0, the Zhaidary-I equation
reduces to the K-IE in Case 1 and in Case 2.

9.2. Integrable Two-Component K-1IE

The KE admits the vector generalizations. As an example, here, we present the
integrable two-component Kuralay-1IA equation (K-IIAE).
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9.2.1. Integrable Two-Component K-IIAE
The integrable two-component K-IIAE has the form [5-9]

iq1t + q1xt — (01 +0.502)q1 — w12 = 0,
iqot + qaxt — (01 +0.502)q2 —waq1 = 0,
(v1 +0.507)r1 + worp = 0,
(v1 +0.502)r0 + wiry = 0,
01 — 267 (r1q1)r = O,
2y — 207 (r2g2)t = 0,
wix — b (r2q1)t = 0,
Wy — b2 (r1q2); = 0.

iryy — i +
iror — Toxt +

The LR of this two-component K-ITAE is given by

O, = Uy,
o = VP,
with
U; = —iaAX + bQ,
1
=1
Here,
0.5i(”01 -‘r—Uz) ibqlt ibth 0 q1 92 10
B = —ibry; 05iv7 iwp, |, Q=[|rL 00 |, Z=1[0-1
—ibry; iw, 0.5ivy rn 00 00

The compatibility condition
Uy — Vox + (U7, V7] = 0
gives the two-component K-1IAE (174)-(181).

9.2.2. Integrable Two-Component K-IIBE
Similarly, the integrable two-component K-IIBE is given by [5-9]

iq1x + q1xt — (01 +0.502)q1 — w192 = 0,
i92x + goxt — (v1 +0.502)q2 — waq1 = 0,
ir1y — 1zt + (v1 + 0.502)r1 + wor, = 0,
iroy — toxt + (v1 + 0.502)r0 +wyir; = 0,

vy — 20%(r1g1)x = 0,

vpr — 267 (rag2)x = 0,
wyr — b (raq1)x = 0,
Wy — b2 (r1g2)x = 0.

The corresponding LR of this two-component K-IIBE reads as

o; = U,
@, = V5,

).

(174)
(175)
(176)
177)
(178)
(179)
(180)
(181)

(182)
(183)

(184)
(185)

(186)

(187)

(188)
(189)
(190)
(191)
(192)
(193)
(194)
(195)

(196)
(197)
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with
U; = —iaAX + bQ, (198)
1
Vo = 1—2dAB' (199)
Here,
0.5i(v1 +v2) ibgrx ibgoy 0 91 92 10 0
B = —ibriy 05iv7 iwp, |, Q=[rr 0 0|, Z=([0-1 0 |. (200
*ib?’zx iw1 0.51'7)2 Ty 00 00 —1

Then, from the compatibility condition
Uz, — Vo + [U7, V7} =0 (201)
we obtain the two-component K-1IBE (188)—(195).

9.3. Multicomponent KE
One of the multicomponent generalizations of the K-IIAE has the form

it + Gkt — vGx = 0, (202)
irgy — Tyt + 01 = 0, (203)
N
vx =27 Y ()t = O, (204)
k=1
or
iqkx + Grxt — 09k = 0, (205)
ey — Tt T 01 = 0, (206)
N
v — 267 Y (reqi)x = 0, (207)
k=1

wherek =1,2,...,N. In particular, the two-component versions of these equations read as

g1t + q1xt — 0q1 = 0, (208)

iqat + goxt — g2 = 0, (209)

iryy —ri +orp =0, (210)

ity — roxt +orp =0, (211)

vy — 267 (r1q1 + r2q2)r = 0, (212)

or

iq1x + qixt —vq1 = 0, (213)

iq2x + qoxt — 042 = 0, (214)

iryy — "y +or1 =0, (215)

iryy — Tty +orp = 0, (216)

v — 2b%(r1q1 + 1292)x = 0. (217)
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9.4. Integrable Akbota Equation

One of the interesting integrable generalizations of the KE is the following Akbota
equation (AE) [5-9]

igt + aqxx + Pgxe +vq = 0, (218)
vx — 2[a(|g/*)x + B(lg1*):] =0, (219)
or
iqr + agxx + PGt +vg = 0, (220)
vx —2[a(|q*)x + B(|g*):] = 0. (221)
In fact, as « = 0, these AEs become

ig + Bgxt +vg = 0, (222)
vx —2B(191*) = 0. (223)

and
iqx + Bgxt +vq = 0, (224)
v —2B(l9*)x = 0, (225)

respectively. These equations, up to the simple scale transformations, coincide with the
K-IIAE and the K-IIBE, respectively. The Lax representation of the A-IIAE is given by

D, = Up®, (226)
O = V4P, (227)

where

A ALY 1 iA?
Uy = 503+Q, Q= <q 0>, Vig = W{T‘X‘TS‘FW\Q'FVO} (228)
with
wilg? +ipoy qlf  —ipq: —iadx )

Vo = ) ) . o . 229
’ ( iBqr +aiqy  —[ailq|* +ipoyq[?] 229

At the same time, the Lax representation of the A-IIBE is given by

Dy = Up®, (230)
D, = Vu®, (231)
where
A (04 1 A2
ti=50+Q Q= (11) Vu= oG s @)
with
ailg|* +ipo; Mgl3  —iBdx — iags )
Vo = . . . o . (233)
‘ ( iBgx +aige  —[ailq* +ipa; " [ql3]
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9.5. Integrable Zhanbota Equation
9.5.1. Zhanbota-IIA Equation

Another integrable generalization of the K-IIAE is the following Zhanbota-IIA equa-

tion [5-9]:
iy + gyt —ovg — 2ip = 0, (234)
oy +261(]g1%) = 0, (235)
px — 2iwp —2nq = 0, (236)
fx + (014p + 62p9) = O. (237)

This Zhanbota-IIA equation, as p = 17 = 0, takes the form

igr + qxt —vg = 0, (238)
vy +201(]g/*) = 0, (239)

which is nothing but the K-IIAE. Note that the Lax representation of the Zhanbota-IIA
equation reads

D, = Up®, (240)
D = Vp®, (241)
where
Uy = —idos + Ay, (242)
1 i
Vig = 57—~ {Bo+ A+wB’1}' (243)
Here,
_(0gq
Ap = (_r 0), (244)
_ ik (0g
Bo = — oo — & (n 0), (245)
_ (1 —P
By = (_k _17>. (246)

9.5.2. Zhanbota-IIB Equation

One of the integrable generalizations of the K-IIBE is the following Zhanbota-IIB
equation [5-9]:

iqx + gxt —vq — 2ip = 0, (247)
o +261(I9*)x = 0, (248)

pt — 2iwp —2nq = 0, (249)

1t + (019p + 62pq) = 0. (250)

This Zhanbota-IIB equation, as p = 1 = 0, takes the form

igy +qxt —vq =0, (251)
v +261(|g1*)x = 0, (252)
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which is nothing but the K-IIBE. The Lax representation of the Zhanbota-IIB equation reads

D, = Upp®, (253)
P, = Vp®, (254)
where
U12 = —i)\O’3+AQ, (255)
1 i
Vip = 1—1<A{BO+ )\+wB’1}' (256)
Here,
_ (04
Ay = (_r o)' (257)
_ i k(0
By = 5003~ 5 (7’x 0>, (258)
_ (" —P
By = (_k _17). (259)

9.6. Integrable Nurshuak Equation

Let us present two more examples of the integrable generalizations of the KE.

9.6.1. N-IIAE
First, let us consider the following Nurshuak-IIA equation (N-IIAE) [5-9]:

iq: + €1qxt + i€2Gxxt — vq + (wq)x — 2ip = 0, (260)
iry — €1rxt + i€aFxxt + vr + (wr)y — 2ik = 0, (261)
vx +2€1(rq)r — 2iex(rrg — 1qxt) = 0, (262)

wy — 2iex(rg)r = 0, (263)

px — 2iwp — 219 = 0, (264)

ky + 2iwk —2yr = 0, (265)

Nx +rp+kg = 0. (266)

From this N-IIAE, we obtain the K-IIAEas e; = w = p = k = = 0,1 = 1. Note that
the N-IIAE is integrable. Its Lax representation reads as

®d, = Ug®, (267)
O, = Vd. (268)
Here,
Ug = —ildos + Ay, (269)
1 i

Vg = AB B ——B_ 27

8 1—(261/\—0—462)\2){ 1Bt g Bk (270)
where
. 0 g
By = wos +21€20’3A0t, A[) = 0/ (271)
_ 1 0 i€1qt — €2qxt + iwg

Bo = PR <i€1rt + ety — iwr 0 ’ (272)

B, = (_’7k :5). (273)
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9.6.2. N-IIBE
Here, let us consider the following Nurshuak-IIB equation (N-1IBE) [5-9]:

iqx + €1qxt + i€2q4x — vq + (wq); — 2ip = 0, (274)
iry — €17yt + i€1py + 0r + (wr)y — 2ik = 0, (275)
vt +2€1(rq)x — 2i€x(rxeg — rqxt) = 0, (276)

wy — 2iex(rq)x = 0, (277)

pt — 2iwp —2nq = 0, (278)

ki + 2icwk —2nr = 0, (279)

e +rp+kqg = 0. (280)

From this N-IIBE, we obtain the K-IIBEase; = w = p = k =1 = 0,¢; = 1. Note that
the N-IIBE is integrable. Its Lax representation reads as

O, = Ugd, (281)
D, = V. (282)
Here,
Ug = —idos + Ay, (283)
1 i
Vg = AB B —B_ 284
8 1—(2e1/\+462A2){ 1+ Bot 3Bk (284)
where

By = wos +2i€20’3A0x, Ao = (_Or g), (285)

_ i 0 i€1qx — €2qxt + g
Bo = 00 (ielrx + oty — fwr 0 ’ (286)

_ (1 —P

B, = (_k _’7>. (287)

10. Some Integrable Generalizations of the K-IE

In the previous section, we have presented some generalizations of the K-II equation.
In this section, we consider the integrable generalizations of the K-IE. In fact, the Kuralay-I
equation also admits several integrable generalizations. As examples, here, we present
some of them.

10.1. Zhaidary-1 Equation

The Zhaidary-I equations are integrable generalizations of the Kuralay-I equations. In
this subsection, we consider these integrable generalizations.

10.1.1. Z-IAE
The Zhaidary-IA equation (Z-IAE) is given by

(1+2B(cB+d))St —S A Syt — uSx + 4cwSy = 0, (288)
1
Uy + E(si)t =0, (289)
w +;(s2) =0 (290)
T4+ T
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133

Fy =

This Z-IAE is completely integrable, i.e., it can be solved by the inverse scattering
transformation method (IST). It possesses all the basic characteristics of integrable equations.
The corresponding Lax representation has the form

Y, = U, (291)
¥ = VY. (292)

Here,

a2 @2y L iala c(A—B)
Uy = [ic(A* — p*) +id(A — B)]S + 2B Td SSy, (293)
— 1 2 _p2 _ 2

Vi = oy (Re(A = B7) +24(A = B)IB+ AR + AR + R}, (294)

where
—dic*wS, F = —dicdwS — iwss — Z'765{(55 )t — [SSx, B} (295)

7 1 2C,B+d X 2Cﬁ+d X X7 7
—BF, — B*F,, B =1025([S,S;] +2iuS), S=S-ce. (296)
If B = 0, the ZE takes the form
St — S A Syt — uSy +4cwS, = 0, (297)
1
uy+5(83)r =0, (298)
w +i(sz) =0 (299)
X 4:d2 X t 7
or
St —SASy + (2cd > —1)uSy = 0, (300)
1

Uy + E(si)t = 0. (301)

Note that the gauge-equivalent counterpart of the Z-IAE reads as

iq — qxt + 4ic(vq)x — 2d%vg = 0, (302)
iry + rt 4 dic(or)x + 2d%vr = 0, (303)
vy —(rq)r = 0, (304)

which is, in fact, the Z-ITAE.

10.1.2. Z-IBE
The Zhaidary-IB equation (Z-IBE) has the form

(1—2B(cB+d))Sy — SA Sy — uS; +4cwSy = 0, (305)
1
u+5(83)x =0, (306)
1 2 —

This Z-IAE is completely integrable, i.e., it can be solved by the inverse scattering
transformation method (IST). It possesses all the basic characteristics of integrable equations.
The corresponding Lax representation has the form

¥, = Y, (308)
¥, = Y. (309)



Symmetry 2022, 14, 1374 21 of 34

Here,
TP S N c(A=p)
U, = [ic(A? — %) +id(A — B)]S + pid SS;, (310)
_ 1 2 p2 _ 2
Vi = —1_2C)\2_2d/\{[zc()\ B )+2d(A ,B)}B—F/\ FE+AF + R}, (311)
where
4c? '
F, = —4ic*wS, F, = —4icdwS — ﬁwssf - wlﬁS{(sst)t — 88, B]}, (312)
Fy = —BF, — B*F, B =025([S,Sy] +2iuS), S=S-o. (313)
If B = 0, the ZE takes the form
Sy —SASyt —uS; +4cwS; = 0, (314)
1
ur + i(s%)x =0, (315)
1
wt + @(S%)x =0, (316)
or
Sy —SASy+ (2cd™2 —1)uS; = 0, (317)
1
ur + E(s%)x = 0. (318)

Finally, let us present the following gauge-equivalent counterpart of the Z-IBE:

iqy — qut + 4dic(vq); — 2d*vg = 0, (319)
iry + ryp + 4ic(or) + 2d%0r = 0, (320)
v — (rq)x = 0, (321)

which is the Z-IIBE.

10.2. Shynaray Equation
10.2.1. S-IAE

Our next example is the Shynaray-IA equation (S-IAE). It has the form

(14 2cB%)S; — S A Syt — uSy + 4cwSy = 0, (322)
1
Uy + E(si)t =0, (323)

w S2); = 0. (324)

+ L(
T 16c2p2

This S-IAE is integrable, in the sense that it has the following Lax representation

Y, = UsY, (325)
¥, = 5Y. (326)
Here,
Us = ic(A? — B*)S + )‘gﬂﬁssx, (327)
Vs = ;{24/\2 — BY)B+ A’F 4+ AF + Ry}, (328)

1 —2cA2?
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where

Ac 2
E = —4ic*wS, F, = ———wSSy —

~2e5 U5~ 55S{(55 -

Fy = —BF, — B?F,, B =025([S, 5] +2iuS), S=S-

The gauge equivalent counterpart of the S-IAE is given by

iqr — qxt + 4ic(vq)y = 0,
iry + ryp + 4ic(vr)y = 0,
vy — (rq)r = 0.
10.2.2. S-IBE
The Shynaray-IB equation (S-IBE) has the form:

(1+2cp?)Sx — S A Syt — uS; + 4cht =0,

let"’ (St>x = 0

1

(S%)x = 0.

(329)

(330)

(331)
(332)
(333)

(334)
(335)

(336)

This S-IBE is integrable, in the sense that it admits the following Lax representation

Y = UsY,
Y, = BY.
Here,
. A—B
U5 = lC(/\ ‘3 )S+ WSS”
_ 1 2 2
Vs = 1_2CA2{2c(/\ B )B+ A F2+)\F1+F0},
where
F = —4ic®wS, F = —ﬁwss S{(5S¢)x —
2 7 1 2C‘B x 2 5 t

Fy = —BF — p°F,, B =025([S,S,] +2iuS), S =

The gauge-equivalent equation for the S-IBE reads as

iqy — qxt +4ic(vg); = 0,
iry + ry + 4ic(vr)y = 0,
v —(rg)x =0

10.3. Nurshuak Equation

(337)
(338)

(339)

(340)

(341)

(342)

(343)
(344)
(345)

In this subsection, we would like to demonstrate another generalization of the K-IE.
Consider the so-called Nurshuak-I equation. It has two forms: the Nurshuak-IA equation

and the Nurshuak-IB equation.
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10.3.1. N-IAE

Let us start from the Nurshuak-IA equation (N-IAE), which has the form

. . 1
iSt 4+ 2€1Zx +i€x(Sxt + [Sx, Z])x + (wS)x + ;[S, W] =0,

where

hy — itr(S % [S4,51]) = 0,
i 2
Wy — Zlez[tr(Sx)]t =0,

iW, + w[S, W] =0,

7= }L([s,st] +2iu8).

(346)
(347)

(348)
(349)

(350)

If o = 0, from this N-IAE, we obtain the K-IAE. As an integrable equation, the N-IAE

admits the LR of the form
Yy = UrY,
¥, = VY.
Here,
U; = —iAS,
V= 261)3_ 462/\2{(261/\+4€2)\2)Z LAV + Hﬁw - £W},
where
Vi = wS +iey(Sxt + [Sx, Z]),
W = (Vv\ﬁ ZVV;?)) = (gi _5;3) §* = 8 +iS,.

(351)
(352)

(353)
(354)

(355)

(356)

The compatibility condition ¥Yy; = ¥}y gives the N-IAE. The gauge partner of the

N-IAE is

iq; + €1qxt + i€2qxxt — vg + (wq)x — 2ip = 0,
iry — €1¥xt + i€oFxxt + vr + (wr)y — 2ik = 0,
vy +2€1(rq)r — 2iex(rxeg — rgxt) = 0,

wy — 2iex(rq)r = 0,

px — 2iwp — 219 = 0,

ky 4+ 2iwk —2yr = 0,

x+rp+kg =0,

where r = 617,k = 6,p,6; = £1. This is the N-IIBE. Its Lax representation reads as

Here,

Y, = Ug¥,
¥ = Y.
Us = —idas + Ao,
1 i
Ve = AB1+Bg+—B_1},
8 1—(261/\+462A2){ 1Bt 5Bl

(357)
(358)
(359)
(360)
(361)
(362)
(363)

(364)
(365)

(366)
(367)
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where
B1 = wos + 2ie03A0:, Ap = <Or g), (368)
_ 1 0 ie1qr — €2qxt +iwq
Bo = 2003 + <i€17‘t + €x1yp — Twr 0 ! (369)
B, = (’7 _p>. 370
T (370)
10.3.2. N-IBE

Now, we consider the Nurshuak-IB equation (N-IBE). It has the form

iSy +2€1Z¢ +iea(Sxt + [St, Z])e + (wS)e + é[s, W] =0, (371)
e — itr(S X [S1,S:]) = 0, (372)
@~ sealtr(S])] = 0, (373)
iW; + wl[S, W] = 0, (374)
where
Z = (15,5 +2uS). (375)

As an integrable equation, the N-IAE admits the LR of the form

Y, = U;Y, (376)
Y, = VY. (377)
Here,
U; = —iAS, (378)
1 i i
Vy = 211 2 — W-— —
7 1—261)\—462/\2{( €1A 4+ 4exA )Z+/\V1—|—A+ww wW}, (379)
where
Vi = wS +iex(Sxt + [St, Z]), (380)
_ W3 W~ B 53 S— + .
W = (W+ —Wg)’ S_(S+ _53>, §F =51 £+iS,. (381)

The gauge equivalent partner of the N-IBE is given by

iqx + €19xt + i€2G1x — vq + (wq); — 2ip = 0, (382)
iry — €17yt +i€a1py + vr + (wr)y — 2ik = 0, (383)
vt +2€1(rq)x — 2iex(rxeg — rgxt) = 0, (384)

wy — 2iex(rq)x = 0, (385)

pt — 2iwp —2nq = 0, (386)

ke + 2icwk — 2npr = 0, (387)

ne+rp+kqg =0. (388)
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Since this N-IBE is integrable, it has the Lax representation of the form
¥ = UsY, (389)
Yy = Y. (390)
Here,
Ug = —iAo3 + Ay, (391)
1 i
= By +By+-—B_ 2
Ve 1—(2e1A+4e2A2){A LBt T, 1} (392)
where
) 0 g
B1 = wos 4 2iep03A0y, Ag = —r0) (393)
_ 0 i€19x — €2qxt + iwg
Bo = 2% + (ielrx + €xry — Twr 0 ! (394)
_ ("1 —P
B_1 = (—k _17>. (395)

10.4. Aizhan-I Equation

The Aizhan-I equation has two integrable forms, namely, the Aizhan-IA equation and
the Aizhan-IB equation.

10.4.1. The Aizhan-IA Equation
The Aizhan-IA equation is given by

iS; + i€ex(Sat + [Sx, Z])x + (wS)x + —[S, W] = 0,

1

w

Uy — itr(S % [Sv,S1]) = 0,
i

Wy — Zez[tr(sjzc)}t =0,

iWy + wl[S, W] = 0.

(396)
(397)

(398)
(399)

The Aizhan-IA equation can be considered as one of the integrable generalizations of
the K-IAE. The Lax representation of the Aizhan-IA equation has the form

where

with

Y, = UY,
Y = WY,

Uy = —iAS,

L ow-twy

e N27 + AV,
{62 + 1+A+w w

_ 1
T 1 —4eyA2

Vi = wS +iey(Syt + [Sx, Z]),

B Wz W~
e ()

(400)
(401)

(402)
(403)

(404)

(405)
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The gauge-equivalent equation for the Aizhan-IA equation reads as

i + i€xqxxt — 04 + (wq)x — 2ip = 0, (406)
iry + i€oryxt + vr + (wr), — 2ik = 0, (407)
Uy — 2i€x (g — 1qxt) = 0, (408)

wy — 2iex(rq)r = 0, (409)

px — 2iwp —2nq = 0, (410)

ky + 2iwk —2ynr = 0, (411)

Nx+rp+kg = 0. (412)

This is the Aizhan-IIA equation. For this equation, the corresponding Lax representa-

tion is given by

&, = Uyp®, (413)
& = Vo9, (414)
where
Ug = —idoz + Ay, (415)
i
Vip= ——={AB1+By+ ——B_1}. 41
10 1_4€2A2{ 1+ o+/\+w 1} (416)
Here,
B1 = wos + 2i€20’3A0t, (417)
_(0gq
Ag = (—r 0), (418)
. _i 0 —€xqxt + iwg
BO - 2003 + (Gzrxt — iwr 0 >/ (419)
_ (17 —P
B_1 = (—k _ﬂ). (420)
10.4.2. The Aizhan-IB Equation
The Aizhan-IB equation has the form
. ) 1
iSy +iex(Sxt + [St, Z])t + (wS): + 5[5, W] =0, (421)
s — itr(S % [S1,S:]) = 0, (422)
i
w — Zez[tr(s%)]x =0, (423)
iW; + w[S, W] = 0. (424)

The Aizhan-IB equation can be considered as one of the integrable generalizations of
the K-IBE. The Lax representation of the Aizhan-IB equation has the form

where

¥ = UoY, (425)
Y, = WY, (426)
Uy = —iAS, (427)
1 i i
= —— {46A*Z + A — W= 42
Vo 1_4€2A2{e2/\ FAVI oW —W} (428)
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with
Vi = wS +iex(Sxt + [St, Z]), (429)
o Wy W~
W= (W+ —ws)' (430)

The gauge equivalent counterpart of the Aizhan-IB equation reads as

iqx + i€xqux — vq + (wq); — 2ip = 0, (431)
iry + i€ty + vr + (wr) — 2ik = 0, (432)
vy — 2iex(ryeg — rgxt) = 0, (433)

wy — 2iex(rq)x = 0, (434)

pr — 2iwp — 219 = 0, (435)

ki + 2iwk —2nr = 0, (436)

ne+rp+kqg = 0. (437)

This is the Aizhan-IIB equation. Its Lax representation is

D, = Uyo?, (438)
Oy = Vi, (439)
where

Ujp = —idos + A, (440)

Vio = Tgzzz (VB + B 5Bt (441)

Here,

By = wos + 2ieyo3 Ao, (442)

a=(28), (443)

Bo = _%003 - (ezrxto— iwr _equ(t)+iwq>’ .

B, = (_’7k _1’;). (445)

10.5. Zhanbota-1 Equation

In this section, we consider the Zhanbota-I equation. It has a similar form, namely the
Zhanbota-IA equation and the Zhanbota-IB equation.

10.5.1. Zhanbota-IA Equation
The Zhanbota-IA equation reads

1
St —SASy —uS; — —SAW =0, (446)

Uy +S % (Sx AS¢) =0, (447)
W, — wSAW = 0. (448)
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The Zhanbota-IA equation is also one of the integrable generalization of the K-IAE.
The matrix form of the Zhanbota-IA equation reads as

iS + %[s, Sxt] +iuSy + %[S, W] =0, (449)
Uy — itr(S[Sx,St]) =0, (450)
iWy + w[S, W] = 0, (451)

where S = S;0;, W = W;o;,(i = 1,2,3) and w is a constant parameter. The W = (Wy, W, W3)
is the vector potential. The Zhanbota-IA equation possesses the following Lax representation:

Y.y = UnY, (452)
¥, = Vp ®. (453)

Here, the matrix operators U;; and V37 have the forms

U1 = —IAS, (454)
1 i i
where
V=27 = %([s, Si] +2ius), (456)
N Wy W~
W= (W+ —ws)‘ (457)

Let us present the gauge-equivalent counterpart of the Zhanbota-1A equation. It is not
difficult to verify that the gauge-equivalent counterpart of the Zhanbota-IA equation is

given by
Bt + 5:xt +i09 = 2p = O, (458)
re — %T’xt —ior—2k =0, (459)
vy + g(rq)t -0, (460)
px — 2iwp —25q = 0, (461)
ky + 2iwk —2nr = 0, (462)
Nx+rp+kqg =0, (463)

where gq,7, p, k are some complex functions; v, are real potential functions and « is a
constant parameter. The Lax representation for this equation reads as

D, = Up®, (464)
D = Vp®, (465)
where
Upp = —ios + Ao, (466)
Vo = = {Bo+ B} (467)
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Here,
_ (04
A = <_r 0>, (468)
By = —togy— X (0 (469)
2 2i\ry, 0)’
_(n —p
B, = (_k _;7). (470)

Let us consider the reduction r = 614,k = dp withx = 2, 6 = +1, where the bar
denotes the complex conjugate. Then, the system (487)—(492) takes the following more
compact form

19t + gxt — vq — 2ip = 0, (471)
ve +261 (%) = 0, (472)

px — 2iwp —2ng = 0, (473)
nx + (619p + 62pq) = 0. (474)

Finally, note thatif W = 0 and p = k = = 0, then, from (449)—(451) and (458)—(463),
we obtain the K-IAE and the K-IIAE, respectively.

10.5.2. Zhanbota-IB Equation
Consider the Zhanbota-IB equation, which is given by

1
Sy —SASx —uSt— —SAW =0, (475)
ur+S x (S ASy) =0, (476)

W — wSAW = 0. 477)

The Zhanbota-IB equation is also one of the integrable generalization of the K-IBE.
The matrix form of the Zhanbota-IB equation is given by

1 1
iSy + 5[5, Sat] + iuSt + —[S,W] = 0, (478)
>s — itr(S[St, S.) =0, (479)

iW; + wl[S, W] = 0. (480)

The Zhanbota-IB equation admits the following Lax representation:

Yy = UnY, (481)
Yy = V11®. (482)

Here, the matrix operators Uy and V17 have the forms

Uy = —iAS, (483)
1 i i
where
1
Vi = 2Z = 5 ([S,S4] +2ius), (485)

W = (Vvﬁ WW3>. (486)
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Finally, let us present the gauge-equivalent counterpart of the Zhanbota-IB equation.

It has the form
gx + %qxt +ivg—2p =0, (487)
ry— %rxt —jor—2k = 0, (488)
v+ g(rq)x -0, (489)
pt — 2iwp —2nq = 0, (490)
ki + 2icwk — 2nr = 0, (491)
ne+rp+kqg = 0. (492)

Its Lax representation reads as

d; = Up®, (493)
Dy = V2@, (494)
where
U, = —idos + Ay, (495)
1 i
Vip = 1—KA{BO+ /\+w3—1}- (496)
Here,
0
Ay = (_r g) (497)
_ i K (0 gy
Bo =~z =5 <rx 0>’ (498)
_(n —v)
B, = : (499)
! (—k -

For the reduction r = 614,k = é,p with x = 2,6; = +1, the system (487)-(492) takes
the following compact form

igy + qxt —vq —2ip = 0, (500)
vt +261(|g*)x = 0, (501)

pr — 2iwp —2nq = 0, (502)
e+ (619p + 62pq) = 0. (503)

10.6. Akbota Equation

Our last example is the Akbota-I equation. As in the previous examples, it admits two
cases, namely the Akbota-IA equation and the Akbota-IB equation.

10.6.1. The Akbota-IA Equation
The subject of this subsection is the following Akbota-IA equation

St — S A (aSyx + BSxt) —uSy = 0, (504)
Uy +S X (Sxy AS;) = 0. (505)
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This Akbota-IA equation is one of the integrable generalizations of the K-IAE. It has
the following Lax representation

Yy —Uis¥ =0, (506)

¥ —Viz¥ =0, (507)
where ) , , ,
_ — ZiA2g 4 =

Uiz = 5AS, Vi3 =7 _Aﬁ{zx(zz/\ S+ 7[5,5:]) + pAZ}. (508)

Note that the gauge-equivalent counterpart of the Akbota-IA equation is the following
nonlinear evolution equation

igt + aqxx + Bgxt +vg = 0, (509)
vx —2[a(|q*)x + B(|g1*)i] = 0. (510)

This is the Akbota-IIA equation. Its Lax representation is given by

D, = Up®, (511)
O = Vyu®, (512)

where

A ALY 1 A2
ty=—S03+Q, Q= (q O)’ Vig = m{70¢‘73+0¢/\Q+V0} (513)
with
wilg> +ipoytlqlf  —ipge — ingy )

Vo = , ) . N . 514
ol G A s s 19

10.6.2. The Akbota-IB Equation
Consider the following Akbota-IB equation

Sy — S A (aS¢ + BSxt) — uS; = 0, (515)
U+ S x (St N Sx) = 0. (516)

This Akbota-IB equation is an integrable generalization of the K-IBE. Its Lax represen-
tation is given by

¥ — Ut =0, (517)

Yy—Vis¥ =0, (518)
where , 1 1 .
_ L — ZiA2g

Uiz = 2)\5, Vis 1= )L‘B{D((zl/\ S+ 4[S,St]) +ﬁ)\Z}. (519)

The gauge-equivalent counterpart of the Akbota-IB equation reads as

iqx + aqit + Bax +vq = 0, (520)
v = 2[a(|q*)t + B(l91*)x] = . (521)

This is the Akbota-IIB equation. Its Lax representation is given by

d; = U@, (522)
D, V14D, (523)
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where
A (04 1 A2
ti=50+Q 0= (1) Vu= oG e 62
with
wilg* +ipo; qlt  —ipdx — iagy >
Vo = . . . I : (525)
’ ( iBqx +aiqe  —[ailq? +ipo; |ql3]

11. Conclusions

In this paper, the Kuralay equations, namely the Kuralay-I equation (K-IE) and the
Kuralay-II equation (K-1IE), have been studied. As is known, these equations are integrable
by the inverse scattering transform method. The integrable motion of space curves induced
by the K-IE and K-IIE was investigated. The gauge and geometrical equivalences between
these two equations were established. The Hirota bilinear form of the KE was constructed.
With the help of the Hirota bilinear method, the simplest soliton solutions are also presented.
Note that these simplest soliton solutions admit generalizations as the traveling wave in
terms of Jacobi elliptic functions. For example, we have shown that there are two such
generalizations of the 1-soliton solution. The nonlocal and dispersionless versions of the
Kuralay equations have been discussed. Finally, some integrable generalizations of the KE
have been presented.
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