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In this work, we propose a two-parameter parametrization for the deceleration parameter 𝑞(𝑧)
grounded in thermodynamic constraints and applied it to explore the evolution of the universe. 
The second law of thermodynamics imposes essential conditions to ensure that the system 
approaches equilibrium in late times, requiring 𝑞(𝑧)≥ −1 and 𝑑𝑞 

𝑑𝑧
> 0 as 𝑧→ −1. These constraints 

ensure that entropy does not decrease, stabilize the system, and facilitate a smooth transition 
from deceleration to acceleration, consistent with the observed cosmic expansion. Furthermore, 
the model avoids the phantom regime (𝜔 < −1), preventing catastrophic future scenarios such 
as the Big Rip. Using the combined CC, Pantheon, SH0ES, and BAO datasets, we constrain the 
model parameters and compare the results with the standard ΛCDM model. Our findings indicate 
𝐻0 = 70.82 ± 0.88, with a transition redshift of 𝑧𝑡 = 0.597 ± 0.214, suggesting an earlier onset of 
acceleration compared to ΛCDM. The present deceleration parameter, 𝑞0 = −0.364±0.032, implies 
a weaker acceleration than in ΛCDM. Moreover, we analyze the evolution of total energy density, 
pressure, and the effective equation of state parameter, confirming a quintessence-like behavior 
with 𝜔0 = −0.570 ± 0.056. Our results provide a thermodynamically consistent framework for 
cosmic expansion, supporting a dark-energy-driven acceleration.

1. Introduction

Recent astronomical observations highly recommend that the universe is currently undergoing an accelerated expansion phase, 
a phenomenon first revealed by studies of Type Ia supernovae (SNe Ia) [1--3] and further supported by a variety of observational 
datasets, including large-scale structure (LSS) [4,5], Wilkinson Microwave Anisotropy Probe (WMAP) [6], cosmic microwave back

ground (CMB) radiation [7,8], and baryon acoustic oscillations (BAO) [9,10]. The enigmatic component driving this accelerated 

* Corresponding author.

E-mail addresses: ymyrzakulov@gmail.com (Y. Myrzakulov), orhan.donmez@aum.edu.kw (O. Donmez), pr.mouhssine@gmail.com (M. Koussour), 
sokhibjan.muminov@gmail.com (S. Muminov), a.dauletov@afu.uz (A. Dauletov), javlon@astrin.uz (J. Rayimbaev).

https://doi.org/10.1016/j.nuclphysb.2025.116916

Received 23 February 2025; Received in revised form 31 March 2025; Accepted 18 April 2025 

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
http://orcid.org/0000-0003-0160-0422
http://orcid.org/0000-0001-9017-2452
http://orcid.org/0000-0002-4188-0572
http://orcid.org/0000-0003-2471-4836
http://orcid.org/0000-0001-9293-1838
mailto:ymyrzakulov@gmail.com
mailto:orhan.donmez@aum.edu.kw
mailto:pr.mouhssine@gmail.com
mailto:sokhibjan.muminov@gmail.com
mailto:a.dauletov@afu.uz
mailto:javlon@astrin.uz
https://doi.org/10.1016/j.nuclphysb.2025.116916
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2025.116916&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2025.116916
http://creativecommons.org/licenses/by/4.0/


Nuclear Physics, Section B 1016 (2025) 116916

2

Y. Myrzakulov, O. Donmez, M. Koussour et al. 

expansion is referred to as ``dark energy'' (DE), which constitutes nearly 70% of the total energy density of the universe. Despite its 
dominance, the exact nature of DE remains elusive and has faced significant challenges. The simplest and most widely accepted model 
is the standard ΛCDM model, which combines a cosmological constant (Λ) with cold dark matter [11]. Although ΛCDM successfully 
explains many cosmological observations, it suffers from several theoretical challenges, such as the extreme fine-tuning required to 
explain the small observed value of Λ and the coincidence problem, which questions why the energy densities of matter and Λ are of 
the same order of magnitude precisely at the current epoch [12--14]. To address these issues, alternative theories and models have 
been proposed, ranging from modifications of general relativity to the introduction of exotic forms of matter. Scalar field theories, 
both canonical and non-canonical, have emerged as prominent frameworks for describing the evolution of the universe. These include 
models such as quintessence [15,16], K-essence [17--19], phantom fields [20--22], tachyon fields [23,24], and Chaplygin gas [25--27]. 
Each of these attempts to provide a theoretical underpinning for DE and its role in cosmic evolution, offering various explanations 
for the transition from a decelerating to an accelerating universe.

Motivated by these issues, extensive research has been directed toward alternative approaches, including modifications of the 
deceleration parameter 𝑞 and its relation to thermodynamic constraints [28--34]. The deceleration parameter, 𝑞 = − 𝑎̈

𝑎𝐻2 , plays a 
fundamental role in characterizing the expansion history of the universe. Its significance lies in its ability to quantify the transition 
between the deceleration (𝑎̈ < 0, i.e., 𝑞 > 0) and acceleration (𝑎̈ > 0, i.e., 𝑞 < 0) phases of cosmic evolution. Here, 𝐻 = 𝑎̇∕𝑎 is the 
Hubble parameter, where 𝑎 represents the scale factor of the universe. Observationally, 𝑞 confirms that the universe is presently in 
an accelerating phase (𝑞0 < 0), although uncertainties in its measurements grow significantly at higher redshifts 𝑧 (𝑧 = 𝑎0

𝑎 − 1, with 
𝑎0 = 1). Moreover, theoretical predictions of 𝑞 based on specific cosmological models remain limited due to the lack of a robust theo

retical framework that consistently matches observations across all scales. This limitation highlights the need for model-independent 
approaches to describe 𝑞 while awaiting a more comprehensive theory of quantum gravity. To address this gap, parameterized forms 
of 𝑞(𝑧) in terms of redshift 𝑧 have been proposed, relying on empirical and practical reasoning rather than specific cosmological mod

els. These parametrizations aim to interpolate observational data and describe cosmic evolution, particularly at intermediate redshifts. 
Existing forms include 𝑞(𝑧) = 𝑞0 + 𝑞1𝑧 [2], 𝑞(𝑧) = 𝑞0 + 𝑞1𝑧(1 + 𝑧)−1 [35], 𝑞(𝑧) = 𝑞0 + 𝑞1𝑧(1 + 𝑧)(1 + 𝑧2)−1 [36], 𝑞(𝑧) = 1

2 + 𝑞1(1 + 𝑧)−2

[37], 𝑞(𝑧) = 𝑞0 + 𝑞1 [1 + ln(1 + 𝑧)]−1 [38], 𝑞(𝑧) = 1
2 + (𝑞1𝑧 + 𝑞2)(1 + 𝑧)−2 [39], 𝑞(𝑧) = −1 + 3

2 (1 + 𝑧)𝑞2 (𝑞1 + (1 + 𝑧)𝑞2 )−1 [29], 
𝑞(𝑧) = 𝑞0 − 𝑞1(

(1+𝑧)−𝛼−1
𝛼

) [40], 𝑞(𝑧) = 𝑞0 + 𝑞1(
ln(𝛼+𝑧)
1+𝑧 − 𝛽) [41], and others that incorporate higher-order terms or asymptotic be

havior. However, many of these parametrizations suffer from limitations: Some are valid only for small redshifts (|𝑧| ≪ 1), while 
others diverge as 𝑧→ −1, making them unsuitable for predicting the far-future behavior of the universe. Furthermore, more complex 
parametrizations often require three or four free parameters, introducing unnecessary complexity without providing clear physical 
findings [42,43].

In this paper, we propose a novel two-parameter, model-independent parametrization of 𝑞(𝑧), designed to align with observational 
constraints and thermodynamic principles, such as the second law of thermodynamics, which imposes specific conditions on the 
evolution of entropy at the apparent horizon. By ensuring 𝑞(𝑧) ≥ −1 and 𝑑𝑞 

𝑑𝑧
> 0 as 𝑧→ −1, our model satisfies the thermodynamic 

requirement for the universe to approach equilibrium at late times (see Sect. 2 for the derivation of these conditions). This construction 
marks a significant advantage over earlier approaches, which typically fix 𝑞(𝑧) at high redshifts while leaving 𝑞0 (the present value) as 
a free parameter. Although some parametrizations are also fixed 𝑞(𝑧) at 𝑧 = −1, these are often done arbitrarily, without a foundation 
in fundamental physics. Our formulation, in contrast, derives these constraints from the thermodynamics of the universe, offering a 
physically motivated framework for understanding the cosmic expansion. This approach ensures consistency with the observations 
and provides a versatile tool for exploring the dynamics of the deceleration parameter across a wide range of redshifts.

The present paper is organized as follows. In Sec. 2, we present the theoretical framework for our model and discuss the ther

modynamic constraints on 𝑞(𝑧). In Sec. 3, we validate our model using observational datasets, including cosmic chronometers, 
Pantheon + SH0ES, and BAO, and provide interpretations of the results. In Sec. 4, we analyze the evolution of the total energy density, 
pressure, and the effective equation of state parameter within the context of the proposed parametrization 𝑞(𝑧). Finally, in Sec. 5, we 
summarize and conclude our findings. Throughout the paper, we have adopted the units 8𝜋𝐺 = 𝑐 = 1.

2. Theoretical framework and thermodynamic constraints on 𝒒(𝒛)

In this section, we present the thermodynamic constraints on 𝑞(𝑧) in the context of GR. The Einstein field equations form the 
cornerstone of GR, describing the relationship between the geometry of spacetime and the distribution of matter and energy. These 
equations are given by [44,45]

𝑅
𝜇𝜈

− 1
2
𝑔
𝜇𝜈
𝑅 = 𝜅𝑇𝜇𝜈, (1)

where 𝜅 = 8𝜋𝐺
𝑐4

, 𝑅𝜇𝜈 is the Ricci curvature tensor, which encodes the way the presence of mass and energy curves spacetime. The 
term 𝑅 is the Ricci scalar, which is the trace of the Ricci tensor and provides a scalar quantity representing the overall curvature of 
spacetime. The symbol 𝑔𝜇𝜈 is the metric tensor, which describes the geometric structure of the spacetime and determines the distances 
and angles in the curved spacetime. On the right-hand side, 𝑇𝜇𝜈 is the energy-momentum tensor, which represents the distribution 
and flow of energy and momentum in spacetime.

Furthermore, we assume that the universe is described by the Friedmann-Lemaître-Robertson-Walker (FLRW) model, which char

acterizes a homogeneous and isotropic universe. In this model, the universe is considered to be the same at all points and in all 
directions, leading to the simplification of its geometry. The metric for a spatially flat universe, which assumes zero spatial curvature 
(i.e. 𝑘 = 0), is given by [46,47]
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𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)[𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2)], (2)

where 𝑎(𝑡) is the scale factor that characterizes the expansion of the universe over time. Moreover, the energy-momentum tensor for 
a perfect fluid, which is assumed to have no viscosity, governs the fluid’s energy density and pressure. It is given by

𝑇𝜇𝜈 = (𝑝+ 𝜌)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈, (3)

where 𝑝 is the pressure, 𝜌 is the energy density, and 𝑢𝜇 is the four-velocity of the fluid. Using the Einstein field equations (1) and 
the metric for a spatially flat FLRW universe (2), we can derive the field equations that govern the evolution of the universe. These 
equations relate the Hubble parameter 𝐻 , the energy density 𝜌, and the pressure 𝑝 of the universe. The first equation, known as the 
Friedmann equation, is 3𝐻2 = 𝜌, which expresses the relationship between the energy density and the Hubble parameter. The second 
equation, often referred to as the acceleration equation, is: 2𝐻̇ + 3𝐻2 = −𝑝, which describes the evolution of the Hubble parameter 
in terms of the pressure of the universe.

To describe the accelerated or decelerated nature of the cosmological expansion, we introduce the deceleration parameter 𝑞, 
which provides a measure of the rate of change of the expansion. The deceleration parameter is defined as:

𝑞 = − 𝑎̈

𝑎𝐻2 = − 𝐻̇

𝐻2 − 1, (4)

where 𝐻̇ is the time derivative of the Hubble parameter. The deceleration parameter characterizes the universe’s expansion: if 𝑞 > 0, 
the universe is decelerating, while if 𝑞 < 0, the universe is accelerating. This parameter is crucial for understanding the transition 
from a decelerating phase, dominated by matter, to an accelerating phase, associated with DE, which drives the current accelerated 
expansion of the universe.

Thermodynamics plays a vital role in cosmology, particularly in understanding the universe’s large-scale evolution and its connec

tion to fundamental physical laws. As well established in physics, macroscopic systems naturally evolve towards equilibrium states, 
as dictated by the second law of thermodynamics. This law asserts that the entropy 𝑆 , of an isolated system cannot decrease, imply

ing 𝑑𝑆 ≥ 0, and that, in the final stages of evolution, the entropy must approach a maximum, becoming a concave function of the 
relevant parameters, i.e., 𝑑2𝑆 < 0 [48]. For cosmological systems, this thermodynamic principle provides essential constraints on the 
evolution of the universe. In FLRW cosmologies, the entropy is largely governed by the entropy of the causal horizon, particularly at 
late times [49]. The causal horizon, which we identify with the apparent horizon, has a radius [50]

𝑟𝐴 = 1∕
√
𝐻2 + 𝑘𝑎−2 (5)

where 𝑘 is the spatial curvature index, and acts as a thermodynamic boundary surface. Studies have shown that the apparent horizon 
is the most appropriate boundary for evaluating cosmological thermodynamics [51]. Neglecting quantum corrections, the entropy of 
this horizon is proportional to its surface area  = 4𝜋𝑟2

𝐴
[50], given by:

𝑆𝐴 ∝ = 4𝜋(𝐻2 + 𝑘𝑎−2)−1. (6)

In the spatially flat FLRW universe (𝑘 = 0), this reduces to 𝑆𝐴 ∝𝐻−2. From the second law, the conditions ′ ≥ 0 and ′′ ≤ 0
must hold throughout the evolution of the universe, ensuring the system tends towards thermodynamic equilibrium at late times 
[52]. Now, by differentiating Eq. (6) with respect to the scale factor 𝑎, we obtain

′ = 𝑑
𝑑𝑎 

= − 8𝜋 
𝐻3

𝑑𝐻

𝑑𝑎 
. (7)

Using the chain rule, 𝑑𝐻
𝑑𝑎 =

𝑑𝐻

𝑑𝑧 ⋅
𝑑𝑧 
𝑑𝑎

, where 𝑧 = 1 
𝑎
− 1 implies 𝑑𝑧 

𝑑𝑎
= − 1 

𝑎2
. Substituting, we obtain

𝑑𝐻

𝑑𝑎 
= − 1 

𝑎2
𝑑𝐻

𝑑𝑧 
. (8)

Thus

′ = 8𝜋 
𝐻3𝑎2

𝑑𝐻

𝑑𝑧 
. (9)

Next, using the definition of the deceleration parameter in Eq. (4) and expressing it in terms of the redshift 𝑧, we have 𝑑𝐻
𝑑𝑧 =

−𝐻 ⋅ (1 + 𝑧)(1 + 𝑞). Replacing (1 + 𝑧) = 1 
𝑎
, this becomes: 𝑑𝐻

𝑑𝑧 = −𝐻 ⋅ 1+𝑞
𝑎 . Substituting back, we find

′ = 8𝜋 
𝐻3𝑎2

(
−𝐻 ⋅

1 + 𝑞

𝑎 

)
= 21 + 𝑞

𝑎 
. (10)

which requires 𝑞 ≥ −1 to maintain consistency with the entropy increase condition ′ ≥ 0.

Differentiating ′ with respect to 𝑎, we obtain the second derivative as

′′ = 𝑑

𝑑𝑎

(
21 + 𝑞

𝑎 

)
,

= 2𝑑
𝑑𝑎 

1 + 𝑞

𝑎 
+ 2 𝑑

𝑑𝑎

(
1 + 𝑞

𝑎 

)
,
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= 4
(
1 + 𝑞

𝑎 

)2
+ 2 𝑑

𝑑𝑎

(
1 + 𝑞

𝑎 

)
,

′′ = 2
[
2
(
1 + 𝑞

𝑎 

)2
+ 𝑞′

𝑎 
− 21 + 𝑞

𝑎2

]
. (11)

At late times (𝑎→∞), the dominant term in square parenthesis is 𝑞
′

𝑎 . For the universe to reach thermodynamic equilibrium, the 
deceleration parameter must approach 𝑞 → −1 while its derivative satisfies 𝑑𝑞∕𝑑𝑎 < 0 (equivalently, 𝑑𝑞∕𝑑𝑧 > 0) as 𝑧 → −1. This 
behavior guarantees that the universe transitions smoothly to a de Sitter phase, maximizing the entropy of the apparent horizon.

Inspired by the thermodynamic constraints, we propose the following parameterization for the deceleration parameter:

𝑞(𝑧) = 𝑞1 −
𝑞1 + 1 

(1 + 𝑧)𝑞2 + 1
, (12)

where 𝑞1 and 𝑞2 must be positive to satisfy the thermodynamic constraints. At very high redshift (𝑧 ≫ 1), this form approaches 
asymptotically 𝑞(𝑧) → 𝑞1. By setting 𝑞1 =

1
2 , the model naturally transitions to the matter-dominated universe with 𝑞(𝑧) → 1

2 , re

flecting the decelerated expansion driven by gravitational clustering of matter. At the far future limit (𝑧 → −1), the parametrization 
yields 𝑞(𝑧) → −1, corresponding to a de Sitter-like phase dominated by DE, where the universe asymptotically approaches ther

mal equilibrium. Thus, the first constraint 𝑞(𝑧 = −1) = −1 is satisfied for all values of 𝑞1 and 𝑞2. In addition, the second constraint 
(that is, 𝑑𝑞∕𝑑𝑧 > 0 as 𝑧 → −1) is satisfied when 𝑞1 > −1 and 𝑞2 > 0. For the current epoch (𝑧 = 0), the deceleration parameter is 
𝑞(0) = 𝑞0 =

𝑞1−1
2 , ensuring 𝑞(0) < 0, consistent with observational evidence of accelerated expansion. The smooth transition between 

these eras, governed by the parameter 𝑞2, reflects the thermodynamic evolution from a decelerated matter-dominated phase to an 
accelerated DE-dominated phase.

In addition, the transition redshift 𝑧𝑡 marks the shift from a decelerating to an accelerating expansion in the universe. This is the 
point at which the acceleration of the cosmic scale factor changes sign, often associated with the transition from matter domination 
to DE domination. For the proposed model, the redshift transition 𝑧𝑡 is given by

𝑧𝑡(𝑞 = 0) =
(

1 
𝑞1

) 1 
𝑞2 − 1. (13)

It is important to note that we do not directly constrain the parametrizations due to the limited availability of 𝑞(𝑧) data and their 
significant error margins. Instead, we constrain the expressions for 𝐻(𝑧) obtained by integrating these parametrizations; specifically,

𝐻(𝑧) =𝐻0 exp
⎛⎜⎜⎝

𝑧 

∫
0 

𝑞(𝑧) + 1
1 + 𝑧 

𝑑𝑧

⎞⎟⎟⎠. (14)

where 𝐻0 =𝐻(𝑧 = 0) is the Hubble constant. In addition, this approach offers the advantage of significantly larger and more robust 
statistical reliability. It should be noted that 𝐻0 appears in this expression as a free parameter, with its value determined by fitting 
it to the observational datasets.

By substituting Eq. (12) in Eq. (14), the expression for 𝐻(𝑧) is obtained as

𝐻(𝑧) =𝐻0

(
(1 + 𝑧)𝑞2 + 1

2 

) 𝑞1+1
𝑞2

, (15)

where 𝐻0, 𝑞1, and 𝑞2 are the model parameters, which are constrained in the next section using observational data.

3. Observational validation

In this section, we describe the process of fitting the proposed parametrization of the deceleration parameter 𝑞(𝑧), to observational 
data. The likelihood function is expressed as  ∝ exp(−𝜒2∕2), where the best fit is obtained by minimizing the total chi-square value, 
𝜒2
𝑡𝑜𝑡𝑎𝑙

= 𝜒2
𝐶𝐶

+ 𝜒2
𝑆𝑁𝑒

+ 𝜒2
𝐵𝐴𝑂

. By comparing the proposed parametrizations with the observational datasets, the optimal parameter 
values are determined through the minimization of 𝜒2

𝑡𝑜𝑡𝑎𝑙
using the Markov Chain Monte Carlo (MCMC) method [53,54]. The analysis 

is performed with flat priors in physically motivated ranges: 𝐻0 ∈ [50,100] km/s/Mpc, 𝑞1 ∈ [0,10], and 𝑞2 ∈ [0,10].

3.1. Cosmic chronometers

The Hubble dataset provides crucial information about the expansion rate of the Universe, derived from various observational 
techniques. Among these, Cosmic Chronometers (CC) stand out as one of the most reliable methods. CC are passively evolving galax

ies that no longer experience significant star formation, identified through distinct spectral and color features [55--57]. Using the 
CC method, 31 measurements of the Hubble parameter 𝐻(𝑧) have been obtained, spanning redshifts from 0.07 to 2.41 [58]. The 
determination of 𝐻(𝑧) in the CC approach relies on the relation,

𝐻(𝑧) = − 1 
1 + 𝑧

𝑑𝑧

𝑑𝑡 
, (16)
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where 𝑑𝑧
𝑑𝑡 represents the rate of redshift change derived from galaxy age differences. Specifically, Δ𝑧 is the redshift difference and Δ𝑡

corresponds to the age difference between two galaxy populations.

To account for uncertainties in the CC dataset, the covariance matrix 𝐶𝑖𝑗 includes contributions from multiple sources, such as 
statistical errors (𝐶𝑠𝑡𝑎𝑡

𝑖𝑗
), contamination by younger stellar populations (𝐶𝑦𝑜𝑢𝑛𝑔

𝑖𝑗
), sensitivity to modeling assumptions (𝐶𝑚𝑜𝑑𝑒𝑙

𝑖𝑗
), and 

metallicity effects (𝐶𝑠𝑡𝑒𝑚𝑒𝑡
𝑖𝑗

). The total covariance matrix is expressed as

𝐶𝑖𝑗 = 𝐶𝑠𝑡𝑎𝑡
𝑖𝑗

+𝐶
𝑦𝑜𝑢𝑛𝑔

𝑖𝑗
+𝐶𝑚𝑜𝑑𝑒𝑙

𝑖𝑗
+𝐶𝑠𝑡𝑒𝑚𝑒𝑡

𝑖𝑗
. (17)

The model-dependent component 𝐶𝑚𝑜𝑑𝑒𝑙
𝑖𝑗

is further decomposed to include specific uncertainties, such as those arising from the 
star formation history (𝐶𝑆𝐹𝐻

𝑖𝑗
), the initial mass function (𝐶𝐼𝑀𝐹

𝑖𝑗
), the stellar library (𝐶𝑆𝑡𝑒.𝐿𝑖𝑏

𝑖𝑗
), and the population synthesis model 

(𝐶𝑆𝑃𝑆
𝑖𝑗

). This is expressed as [59]

𝐶𝑚𝑜𝑑𝑒𝑙
𝑖𝑗

= 𝐶𝑆𝐹𝐻
𝑖𝑗

+𝐶𝐼𝑀𝐹
𝑖𝑗

+𝐶𝑆𝑡𝑒.𝐿𝑖𝑏
𝑖𝑗

+𝐶𝑆𝑃𝑆
𝑖𝑗

. (18)

For the MCMC analysis, the 𝜒2 function is constructed to compare the observed and theoretical Hubble parameter values. It is 
defined as

𝜒2
𝐻𝑢𝑏𝑏𝑙𝑒

=Δ𝐇 𝐶−1 Δ𝐇𝑇 , (19)

where Δ𝐇𝑖 =𝐇𝑜𝑏𝑠.(𝑧𝑖) −𝐇𝑚𝑜𝑑𝑒𝑙(𝑧𝑖), and 𝐶 represents the covariance matrix for the dataset.

3.2. Pantheon + SH0ES

The Pantheon + SH0ES dataset comprises 1701 light curves from 1550 spectroscopically confirmed Type SNe Ia across 18 surveys, 
covering a redshift range of 0.001 to 2.3 [60]. This extensive compilation provides a vital resource for probing the expansion history of 
the Universe over a broad temporal range. SNe Ia serve as standard candles, enabling the measurement of relative distances through 
their distance modulus, a key quantity in cosmological analyses. Building on previous compilations such as Union [61], Union2 
[62], Union2.1 [63], JLA [64], and Pantheon [65], this updated dataset incorporates additional observations and refined statistical 
techniques. These enhancements address critical degeneracies and uncertainties, such as those between the Hubble constant 𝐻0 and 
the absolute magnitude 𝑀 . The 𝜒2 function for Pantheon + SH0ES data is defined as

𝜒2
𝑆𝑁𝑒

=𝐷𝑇𝐶−1
𝑆𝑁𝑒

𝐷, (20)

where 𝐶𝑆𝑁𝑒 is the covariance matrix, incorporating both statistical and systematic uncertainties. The vector 𝐷 is expressed as

𝐷 =𝑚𝐵𝑖 −𝑀 − 𝜇𝑡ℎ(𝑧𝑖), (21)

where 𝑚𝐵𝑖 is the apparent magnitude, 𝑀 is the absolute magnitude, and 𝜇𝑡ℎ(𝑧𝑖) is the theoretical distance modulus. The theoretical 
distance modulus is given by

𝜇𝑡ℎ(𝑧𝑖) = 5 log10
(
𝐷𝐿(𝑧𝑖)
1 Mpc

)
+ 25, (22)

where 𝐷𝐿(𝑧) is the luminosity distance, defined as

𝐷𝐿(𝑧) = 𝑐(1 + 𝑧)

𝑧 

∫
0 

𝑑𝑥 
𝐻(𝑥, 𝜃)

, (23)

with 𝜃 representing the model parameters. To mitigate the degeneracy between 𝐻0 and 𝑀 , the Pantheon + SH0ES dataset introduces 
a redefinition of 𝐷:

𝐷̄ =

{
𝑚𝐵𝑖 −𝑀 − 𝜇

𝐶𝑒𝑝ℎ

𝑖
for Cepheid hosts,

𝑚𝐵𝑖 −𝑀 − 𝜇𝑡ℎ(𝑧𝑖) otherwise,
(24)

where 𝜇𝐶𝑒𝑝ℎ

𝑖
is the distance modulus derived from Cepheid variables. Consequently, the 𝜒2 function becomes: 𝜒2

𝑆𝑁𝑒
= 𝐷̄𝑇 𝐶−1

𝑆𝑁𝑒
𝐷̄.

3.3. BAO measurements from DESI

The BAOs serve as a powerful cosmological probe by tracing the imprints of early universe sound waves in the large-scale structure 
of the cosmos. These oscillations originate from primordial density fluctuations in the baryon-photon plasma before recombination. 
Here, we constrain cosmological models using BAO measurements from galaxy, quasar [66], and Lyman-𝛼 tracer [67] observations 
obtained during the first year of DE Spectroscopic Instrument (DESI) data collection, as listed in Table I of Ref. [68]. The primary 
observables in BAO measurements are defined as dimensionless ratios. The first is



Nuclear Physics, Section B 1016 (2025) 116916

6

Y. Myrzakulov, O. Donmez, M. Koussour et al. 

Table 1
The bestfit values of cosmological parameters for 
the proposed model and ΛCDM using CC + Pan

theon + SH0ES + BAO datasets.

Parameter Model ΛCDM 

𝐻0 70.82 ± 0.88 71.50 ± 0.89
𝑞1 0.284+0.048−0.058 -

𝑞2 2.69+2.38−2.94 -

Ω𝑚0 - 0.321 ± 0.012
𝑟𝑑 137.7 ± 2.0 139.8 ± 2.1
 −19.302 ± 0.027 −19.308 ± 0.027
ΩΛ0 - 0.679 ± 0.012
𝑞0 −0.364 ± 0.032 −0.519 ± 0.018
𝜔0 −0.570 ± 0.056 −0.679 ± 0.012
𝑧𝑡 0.597 ± 0.214 0.617 ± 0.029

𝜒2
𝑚𝑖𝑛

1805.08 1794.32

𝑑𝑀 (𝑧)
𝑟𝑑

=
𝐷𝐿(𝑧) 

𝑟𝑑 (1 + 𝑧)
, (25)

where 𝑑𝑀 (𝑧) is the transverse comoving distance, and 𝑟𝑑 represents the sound horizon at the drag epoch, which depends on the 
physical energy densities of matter and baryons, as well as the effective number of extra relativistic degrees of freedom. To compute 
𝑟𝑑 , we follow the approach outlined in Ref. [9]. The second observable is the Hubble distance ratio:

𝑑𝐻 (𝑧)
𝑟𝑑

= 𝑐

𝑟𝑑𝐻(𝑧)
, (26)

where 𝑑𝐻 (𝑧) is the Hubble distance. The third observable is the ratio of the volume-averaged angular diameter distance:

𝑑𝑉 (𝑧)
𝑟𝑑

=
[𝑧𝑑2

𝑀
(𝑧)𝑑𝐻 (𝑧)]1∕3

𝑟𝑑
, (27)

where 𝑑𝑉 (𝑧) represents the volume-averaged comoving distance. Further, the 𝜒2 function for the BAO measurements, based on the 
observables 𝑋 = 𝑑𝑀∕𝑟𝑑 , 𝑑𝐻∕𝑟𝑑 , 𝑑𝑉 ∕𝑟𝑑 , is given by

𝜒2
𝐵𝐴𝑂

=
𝑁∑
𝑖=1 

[
𝑋th

𝑖
−𝑋obs

𝑖

𝜎𝑋𝑖

]2
, (28)

3.4. Results

The bestfit values of the cosmological parameters for the proposed model and ΛCDM, obtained using the combined CC + Pantheon 
+ SH0ES + BAO dataset, provide essential details on the cosmic expansion history and the transition from deceleration to acceleration. 
These results are presented in Table 1 and illustrated in Figs. 1 and 2. Below, we offer a detailed interpretation of these findings for 
the combined dataset.

Figs. 1 and 2 show the corner plots of the posterior distributions for cosmological parameters, comparing the proposed model 
(Fig. 1) with ΛCDM (Fig. 2) using CC, Pantheon + SHOES, and BAO datasets. The proposed model yields 𝐻0 = 70.82 ± 0.88, while 
ΛCDM gives 𝐻0 = 71.50±0.89, showing a slight shift [69,70]. These values are notably higher than the Planck 2018 result, 𝐻0 = 67.4±
0.5 [71,72], highlighting the tension between late- and early-time measurements of the Hubble constant. The deceleration parameters 
𝑞1 = 0.284+0.048−0.058 and 𝑞2 = 2.69+2.38−2.94, ensure a smooth transition from deceleration to acceleration, satisfying thermodynamic constraints 
and supporting the late-time acceleration scenario. Specifically, 𝑞1 determines the present value of the deceleration parameter, directly 
influencing the current cosmic acceleration (𝑞0 =

𝑞1−1
2 ), while 𝑞2 governs the steepness of the transition. A larger 𝑞2 leads to a more 

rapid shift from deceleration to acceleration, whereas a smaller 𝑞2 results in a more gradual transition, reflecting the influence of 
the underlying cosmic dynamics. In ΛCDM, the matter density is Ω𝑚0 = 0.321 ± 0.012, while the proposed model does not include 
Ω𝑚0 explicitly, suggesting a different parametrization of cosmic acceleration. The sound horizon values, 𝑟𝑑 = 137.7 ± 2.0 (model) 
and 𝑟𝑑 = 139.8± 2.1 (ΛCDM), show minor differences and are consistent with BAO measurements, validating the model’s agreement 
with large-scale structure data. Meanwhile, the absolute magnitude in both models,  ≈ −19, aligns with SNe distance calibrations. 
In ΛCDM, ΩΛ0 = 0.679 ± 0.012, supporting the standard DE paradigm. The parameter correlations indicate a mild negative relation 
between 𝐻0 and 𝑟𝑑 , a moderate correlation between 𝑞1 and 𝑞2, and a weak dependence of  on other parameters. These results 
confirm a smoothly evolving deceleration parameter, with 𝑞(𝑧) transitioning from a decelerated to an accelerated phase, while 𝐻0
remains in slight tension with Planck’s CMB estimate, reflecting ongoing debates in cosmology [72].

Fig. 3 compares the evolution of the deceleration parameter 𝑞(𝑧) as a function of redshift 𝑧 for the proposed model (magenta) and 
the standard ΛCDM model (blue). The analysis is based on constraints from the CC, Pantheon + SHOES, and BAO datasets. For both 
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Fig. 1. The 1 − 𝜎 and 2 − 𝜎 confidence regions of cosmological parameters for the proposed model using CC+Pantheon+SH0ES+BAO datasets. 

models, the universe undergoes a transition from a decelerated phase (𝑞 > 0) at high redshift to an accelerated phase (𝑞 < 0) at low 
redshift. The proposed model predicts a slightly earlier transition to acceleration compared to ΛCDM, indicating a modified expansion 
history. In the far future (𝑧→ −1), both models converge to 𝑞 ≈ −1, consistent with an asymptotic de Sitter phase dominated by DE. 
The differences in the transition behavior and the slope of 𝑞(𝑧) highlight the impact of the additional model parameters compared to 
the standard cosmological paradigm.

The present values of the deceleration parameter are 𝑞0 = −0.364 ± 0.032 for the proposed model and 𝑞0 = −0.519 ± 0.018 for 
ΛCDM, both confirming an accelerating universe (see Table 1) [40,41,73,74]. The less negative 𝑞0 in the proposed model suggests a 
weaker present-day acceleration compared to ΛCDM. Regarding the transition redshift, the proposed model gives 𝑧𝑡 = 0.597± 0.214, 
while ΛCDM yields 𝑧𝑡 = 0.617± 0.029, indicating a nearly similar transition epoch in both models, though the proposed model has a 
larger uncertainty, reflecting a broader range of possible transition times [75,76]. It is noted that the uncertainty values are obtained 
through standard error propagation from the posterior distributions of 𝑞1 and 𝑞2.

4. Evolution of energy density, pressure, and the equation of state parameter

Now, we present the evolution of key cosmological quantities—total energy density (baryonic matter + dark matter + DE), pressure, 
and the effective equation of state (EoS) parameter—based on the analysis of combined datasets (CC + Pantheon + SH0ES + BAO).

Fig. 4 shows the evolution of the normalized total energy density, 𝜌∕(3𝐻2
0 ), as a function of redshift 𝑧 for both the proposed model 

(magenta) and the ΛCDM model (blue). At high redshifts (𝑧 ≫ 1), both models predict a similar energy density evolution, indicating 
consistency with the standard matter-dominated era. However, at lower redshifts, subtle differences emerge, with the proposed model 
yielding slightly lower energy density values than ΛCDM. This deviation becomes more pronounced in the recent cosmic past and 
persists into the future, suggesting a modification in the underlying dynamics of cosmic acceleration. The lower energy density at 
low 𝑧 in the proposed model implies a different rate of cosmic expansion compared to ΛCDM. This aligns with the earlier transition 
to acceleration observed in the deceleration parameter 𝑞(𝑧).
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Fig. 2. The 1 − 𝜎 and 2 − 𝜎 confidence regions of cosmological parameters for the ΛCDM model using CC+Pantheon+SH0ES+BAO datasets. 

Fig. 3. The deceleration parameter 𝑞 as a function of redshift 𝑧 for the proposed model and ΛCDM, showing the transition from a decelerating to an accelerating 
universe, as constrained by observational data.

Fig. 5 illustrates the evolution of the normalized pressure, 𝑝∕𝐻2
0 , as a function of redshift 𝑧, comparing the proposed model 

(magenta) with the ΛCDM model (blue). In both models, the pressure is negative, but the behavior in the proposed model reflects 
a dynamic deviation from a cosmological constant. The negative pressure observed in the proposed model is a direct consequence 
of the chosen form of the deceleration parameter 𝑞(𝑧), which leads to a varying effective EoS. This evolution of pressure decreases 
more rapidly with redshift than in the ΛCDM model, suggesting a more significant contribution of DE at higher redshifts (𝑧 ≫ 1) and 
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Fig. 4. The normalized total energy density 𝜌∕3𝐻2
0 , as a function of redshift 𝑧 for the proposed model and ΛCDM, decreases over cosmic time. 

Fig. 5. The normalized total pressure, 𝑝∕𝐻2
0 , as a function of redshift 𝑧 for the proposed model and ΛCDM, exhibiting negative behavior. 

Fig. 6. The effective EoS 𝜔 as a function of redshift 𝑧 for the proposed model and ΛCDM illustrates its evolution and reveals the nature of the DE component at 
different stages of the universe’s expansion.

indicating a stronger deviation from the cosmological constant. These features reflect a modified cosmic expansion history, providing 
an alternative explanation for the late-time acceleration of the universe, likely driven by a dynamical DE component.

Fig. 6 highlights the evolution of the effective EoS parameter 𝜔(𝑧) as a function of redshift 𝑧, which is defined as the ratio of 
pressure to total energy density (𝜔 = 𝑝∕𝜌). It is important to note that this effective EoS parameter is derived from the deceleration 
parameter 𝑞(𝑧), rather than being assumed as a priori. This distinguishes our approach from models that directly parametrize the 
EoS. The figure compares the proposed model (magenta) with the standard ΛCDM model (blue). The EoS parameter categorizes the 
accelerating universe into three possible states: the quintessence era (−1 < 𝜔 < −1

3 ), the phantom era (𝜔 < −1), and the cosmological 
constant era (𝜔 = −1). For both models, 𝜔(𝑧) transitions from a matter-dominated era (𝜔 ≈ 0 at high 𝑧) to a dark-energy-dominated 
phase (𝜔 < −1

3 ) at low 𝑧. The value 𝜔= −1
3 marks the threshold between decelerated and accelerated expansion, which corresponds to 

a significant shift in the behavior of the universe’s expansion. In Fig. 6, this transition occurs at a redshift around 𝑧𝑡 ≈ 0.6, highlighting 
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a gradual move from matter domination (with 𝜔 ≈ 0) to the accelerated expansion driven by DE. At 𝑧→ −1, both models converge to 
𝜔 ≈ −1, indicating an asymptotic de Sitter phase. Moreover, the present value of the effective EoS parameter is 𝜔0 = −0.570 ± 0.056
for the proposed model and 𝜔0 = −0.679 ± 0.012 for ΛCDM [73,77]. The larger uncertainty in 𝜔0 for the proposed model reflects 
greater flexibility in its EoS evolution, whereas ΛCDM remains tightly constrained around a nearly constant value.

5. Conclusion

In this work, we proposed a two-parameter parametrization for the deceleration parameter 𝑞(𝑧) based on thermodynamic con

straints and its application to the evolution of the universe. The thermodynamic behavior of the universe, guided by the second 
law of thermodynamics, imposes essential conditions for the evolution of 𝑞(𝑧). Specifically, to ensure that the system tends to

wards thermodynamic equilibrium at late times, we required that: ′ ≥ 0 and ′′ ≤ 0, where ′ and ′′ represent the first and 
second derivatives of the surface area, respectively. These conditions guarantee that the entropy does not decrease and that the sys

tem reaches a stable equilibrium. From these constraints, we derived the necessary conditions for the deceleration parameter 𝑞(𝑧): 
𝑞(𝑧) ≥ −1 and

𝑑𝑞 
𝑑𝑧

> 0 as 𝑧→ −1 [48--52]. These conditions ensure that the universe remains in the quintessence era, charac

terized by 𝜔 > −1, and avoids entering the phantom regime (𝜔 < −1), which could lead to a future catastrophic event like the Big 
Rip. Moreover, the second condition, 𝑑𝑞 

𝑑𝑧
> 0, ensures that the deceleration parameter is increasing with redshift, providing a smooth 

transition from deceleration to acceleration, consistent with the observed cosmic expansion.

Then, we have analyzed the proposed cosmological model using the combined CC, Pantheon, SH0ES, and BAO datasets, comparing 
its predictions with the standard ΛCDM model. The findings shed light on the history of cosmic expansion, particularly the transition 
from deceleration to acceleration. The model yields 𝐻0 = 70.82 ± 0.88, slightly lower than the ΛCDM value of 𝐻0 = 71.50 ± 0.89, 
but both remain in tension with the Planck 2018 result. The transition redshift is 𝑧𝑡 = 0.597 ± 0.214, slightly lower than ΛCDM’s 
𝑧𝑡 = 0.617 ± 0.029, suggesting an earlier onset of acceleration. The present deceleration parameter, 𝑞0 = −0.364 ± 0.032, indicates 
weaker acceleration compared to ΛCDM (see Table 1).

In addition, we studied the evolution of the total energy density, pressure, and effective EoS parameter, confirming that the 
universe’s expansion is consistent with a DE-dominated era. In Figs. 4 and 5, the normalized total energy density decreases as the 
universe expands into the far future, while the pressure becomes increasingly negative. The effective EoS parameter in Fig. 6 follows 
a smooth transition from the matter-dominated era to an accelerating phase, with a present value of 𝜔0 = −0.570± 0.056, suggesting 
a quintessence-like behavior. Our results are in agreement with previous studies, supporting the idea that the universe is currently 
experiencing accelerated expansion due to DE. In conclusion, our study provides a thermodynamically consistent framework for the 
evolution of the deceleration parameter and its application to observational data. By incorporating thermodynamic constraints, we 
have ensured that the model not only fits the observational data but also respects the fundamental laws governing the expansion of 
the universe. The findings support the universe’s continuous acceleration and shed more light on the cosmological parameters that 
govern its evolution. Future studies incorporating additional high-precision datasets could further refine the model parameters and 
test its viability against the standard cosmological paradigm.
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