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At present, General Relativity (GR) is considered the best accepted fundamental theory
describing gravity. GR is described in terms of the Levi-Civita connection, which is the basis of
Riemannian geometry with the Ricci curvature scalar R. But GR can be described in terms of
different geometries from the Riemannian one, for example, F(R) gravity. There are several other
alternative gravity theories. For example, one of the alternative gravity theories is the so-called
teleparallel gravity with the nonmetricity scalar Q or its generalization F(Q) gravity. Another
possible alternative gravity theory is F(X, ¢). In this paper, we will consider the more general
gravity theory.

We have Lagrangian in the next form [1]:

L =a°[F —(R-u)F, — (Q- w)F, |-6aa?[F, - F, |-
—6%a[RFey + QFng + XFry + s, |-a°F, [x —%gbz] )

Here: R — curvature scalar, Q — nonmetricity scalar, X - kinetic term of the scalar field, ¢ —
scalar field.

R:6(§+2—2J+u, 2
Q:62—2+a), (3)
X =29t @)

The noether symmetries approach:
We can write the Noether symmetry condition in the following form for the Lagrangian [2]:

XL =0, ()
here:
X:a£+ﬂi+yi+5i+gi+di+Bi+7i+5i+g’i. (6)
da "R 7o "X op Yaa TR a0 CaX Cop

The functions ¢, g, 7, &, € depend of the variables a, R, Q, X, ¢ and then:

& =c,a+aR+aQ+ay X +a,p, 7)
B =Ba+ SR+ oQ+ By X + B0, (8)
Y =78+ 7R+ 7Q+ 7 X +7,0, ©)
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8=06,a+5;R+5,Q+5, X +5,0, (10)

E=c,a+6R+6,Q+ex X +&,0. (11)
By this, we have: For F(R,Q, X, ¢)

a3a[F — (R—U)F, — (Q - 0)F, |+ 0@’|u,Fy + o, F, |- a68[F, - F, |-
— 21288[RFoy + QF g + XFey + gFy, |- a3a’F, [x —%gbz} +

+ %= (R = U)Fep — (Q — ) Fon | — 8688%[Fopy — Fon |-

— B68%4|RFyng + QFagn + XFae + F s |- ﬂa?’FX{X —%(pz} +

78| (R = U)Feg — (Q — @) Fog |- 76882 [Fag — Foo |-

— 768°8[RFagq + OFpoq + XFaxg + Frso |- ;/a3FXQ[X - %(ﬂ 4

+ 38°[- (R = U)Fay — (Q — @) Foy |- 56a8% [Foy — Foy |-

— 56a%8|RFpy + QF gy + XFay + @y |- 38 Fy {x - %(pz} +

- Foo)-

— £68°a[RFop, + QF g, + XFey, + 9, |- 20° Fm[x - lgbz:l -

2
— a,12a8’[F, — F, |- aR12a8[F, - F, |- a,Q12a4[F, — F, |- o, X12a8[F, - F, |-

+aa’[F, - (R-U)Fy, — (Q - @)Fy, |- s624[F

R

- aw(plZaa[FR - FQ]+ a,aa’[u,F, + w,Fol+ ag Ra’[u,F, + @, Fol+

+ aoQa’[u,Fy + @,Fo ]+ ay Xa'[u,Fy + 0,Fy 1+ a,¢8°[u,Fy + 0,F,] -

. . . o . . (12)

— 2, 868°[RF o + QF g + XFay + (s, |- 04 R62%[RF g + QF g + XFry + s, |-

— 2gQ68%[RFog + QFng + XFay + (g, |- ot X 68°[RFog + QF g + XFay + 95, |-

— @, (968’ [RF g + QF g + XFay + 95, | 3,62°87Fg — 3 R6Q%AF 1, —

— B,Qba%aF, — By X 6a°dFy, — B,¢b6a’dFy, — 5,6a°4"Fpy — 5R68%AF,, —

— 5,Q6a%dF,, + &;Ra’F, ¢ + £,Qa°F, ¢ + 6, Xa’F, ¢ + £,a°F, 9* =0

From the resulting equation (12) we create a system of equations:

a2 . —6a[F, — Fy |- 6/a[Fus — Fro |- 678[Frg — Fog |- 68[Fuy — Fox |- 62a[Fs, — Fo, |- 13)

—12,a[F, — F, |- 68,82 Fny —6,8%Frq —65,aFpy —66,a2Fs, =0,
R?:6aza’Fqs =0, (14)
Q% 16arga’Feq =0, (15)
X?:6a,a’Fq =0, (16)
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¢’ ¢,a’Fy —6a,a’Fy, +a§a2FX +ﬁ%a3FXR +7/%a3FXQ +
+5%a3FXX +g%a3Fx(p =0,
AR : ~1208F,, — 60 gy —678° Fang — 6387 Fany — 6687 Fen, —12,8[F, — F, |-
—60a,8°Fgy —68ga°Fpg —6ypa’°Fry —65:a°Fpy —6c8°Fy, =0,

4Q : ~1208F —6/82° Frgg — 678 Frgq — 6382 Frgy —62° Fro, —1201a[Fy — Fy |-
—6a,a*Fpy —6,a°Fps —6y4a°Frg —65,a°Fpy —665a°Fy, =0,

aX 1 —120@F g, — 6/ Fpyn —678° Fayg — 682 Fryy —620° Fay, —12a,a|Fy — Fq |-
—6a,a’Fy, —6p,a°Fy, —6y,a° Fro — 60, a’Fg, —6¢,a’ Fe, =0,

agp: _12aaFR(p _GIBa‘ZFR(pR - 67@2FR¢Q - 6532FR¢X - 66'3-2FRW —12a¢a[FR - FQ]—
—6a,a°Fy, —68,a°Fpy —6y,a°Fpy —66,a°Fgy —65,8°Fy, —¢,a°F, =0,

RQ: —6aza’Fp, —6aga’Feg =0,

RX : —6ar, a’Fuq —6aga’Fpy =0,

QX 1 —6arya’Fpg —60ga’Fry =0,
Rp:—6a,a’Feg + £pa°F, —6aga’Fy, =0,
Q¢ : 60,8’ Frq +£4a°Fy —6a,a’Fy, =0,
Xg:—6a,a%Fpy +e4a°Fy —6aya’Fy, =0.

aBaZ[F -(R-u)F; - (Q-w)F, +§a(UaFR +canQ)}+

+ fa]~ (R—U)Fes — (Q = @) Fop |+ 78]- (R—U)Frg — (Q - @)oo |+

+ 3a[- (R-U)Foy —(Q-0)Foy |+ ca]F, - (R—U)Fs, —(Q—0)Fy, |+
+aaaa[uaFR +canQ]+ RaRa[uaFR +waFQ]+ QaQa[uaFR +a)aFQ]+
+ Xayalu,Fy + o, F, |+ ga,alu, Fy + 0,F, |- (a3F, + faF,, +
+jaF,, +daF,, +eF, )X =0.

And we can combine equations (25), (26), (27). This will give us the next equations:

Re:eqa’Fy =6c,a"Feg,
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(17)

(18)

(19)

(20)

(21)

(22)
(23)
(24)
(25)
(26)

(27)

(28)

(29)



Qg :eqa’Fy =6a,a’Feq, (30)
Xg:eya’Fy, =6a,a’Fpy . (31)

If we combine these equations we get the Monge — Ampere equation.
FerFxx = FRZX (32)

The noether symmetries solution
From equations for (14), (15), and (16) we have two possibilities. First,

Frr = Fro = Frx =0 and solution to this is a linear equation

F =5,(9)R+8,(9)Q+85(0) X +5,(9). (23)

We can solve Monge — Ampere equation. This equation is homogeneous. After some
calculations their solution involving arbitrary constants we can write as:

F =(C.(@)R+C,(#)Q+Cy(9)X)* +C, (MR +Cs(0)Q+Co ()X +C;(p).  (34)

This solution gives us the same results as recent observations about the early time inflation,

close Rz. Solutions of Monge — Ampere equations involving one arbitrary function will give a
more general result [3]:

F=f(Ci()R+C,(0)Q+Cs(0)X,0) +C,(9)R+Cs(0)Q +Cs (0) X +C;(0).  (35)

Here we will use the only solution involving arbitrary constants with constants.

In this paper, it was possible to show that when considering a generalized model with a
scalar field, including F(R) and F(Q) - gravity. If used the Noether symmetry method can get
Starobinsky’s solution. It is also important that Starobinsky’s solution is obtained even if we
consider separately only F(R) or only F(Q) - gravity.
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